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SUMMARY 

A method for   ana lyz ing   shock   coa lescence   which   inc ludes   th ree-d imens iona l  
e f f e c t s  i s  developed. This method i s  based  on  an  extension  of   the  axisymmetr ic   solu-  
t i o n .  The asymmetr ic   e f fec ts  are in t roduced   t h rough   an   add i t iona l  set  of  governing 
equat ions ,   which   a re   der ived  by t ak ing   t he   s econd   c i r cumfe ren t i a l   de r iva t ive  of t h e  
s t anda rd   shock   equa t ions   i n   t he   p l ane  of  symmetry. The coa lescence  method i s  cons i s -  
tent  with  and  has  been  combined  with a non l inea r   son ic  boom extrapolat ion  program 
which is based on t h e  method  of c h a r a c t e r i s t i c s .  Though t h e  two se ts   o f   govern ing  
shock   equat ions   a re   uncoupled ,   the   f low  equat ions ,   deve loped   in   the  same manner, a r e  
weak ly   coup led   t h rough   t he   f i r s t   de r iva t ive  of t h e   c i r c u m f e r e n t i a l   v e l o c i t y .   S i n c e  
the   cha rac t e r i s t i c   beh ind   t he   shock  is  n e c e s s a r y   t o   f i x   s h o c k   l o c a t i o n ,   a n   i t e r a t i v e  
procedure  between  the  axisymmetric  and  asymmetric  equations i s  used. The ex t r apo la -  
t i o n  program, or ig ina l ly   unable   to   handle   shock   coa lescence ,  is  now a b l e   t o   e x t r a p o -  
l a t e   p r e s s u r e   s i g n a t u r e s  which inc lude  embedded s h o c k s   f r o m   a n   i n i t i a l   d a t a   l i n e   i n  
t he   p l ane   o f  symmetry a t  approximately  one body l e n g t h   f r o m   t h e   a x i s  of t h e   a i r c r a f t  
t o   t h e  ground. 

Descriptions  of  the  axisymmetric  shock  coalescence  solution,  the  asymmetric 
shock   coa lescence   so lu t ion ,   the  method  of i n c o r p o r a t i n g   t h e s e   s o l u t i o n s   i n t o   t h e  
ex t r apo la t ion   p rog ram,   and   t he   me thods   u sed   t o   de t e rmine   spa t i a l   de r iva t ives   needed  
i n  t he   coa le scence   so lu t ion   a r e   i nc luded .  Resul t s  o f   t he  method a r e  shown f o r  a  body 
o f   r e v o l u t i o n   a t  a s m a l l ,   p o s i t i v e   a n g l e  of a t t a c k .  The  body  was designed so t h a t  
embedded shocks would be  included i n  t h e   n e a r - f i e l d   d a t a .   T h e s e   r e s u l t s   a r e  compared 
wi th   r e su l t s   f rom two widely  used  sonic  boom propagation  methods  which  are  based on 
mod i f i ed   l i nea r   t heo ry .   S igna tu res   a r e  shown a t   s e v e r a l   s t a g e s  of t h e   e x t r a p o l a t i o n  
process   th rough  the   a tmosphere   in   an   a t tempt   to   unders tand   the   reasons   for   the   d i f -  
f e r e n c e s   i n   t h e   r e s u l t s  of t h e   t h r e e  methods. 

V 
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Notation  over  symbols: 
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1 INTRODUCTION 

1.1 Purpose 

T h i s   p a p e r   p r e s e n t s   a n   a n a l y s i s   a n d  method  of s o l u t i o n   f o r  shock  coalescence 
with  asymmetr ic   effects .  The a n a l y s i s  i s  cons i s t en t   w i th   and   an   ex tens ion   o f  a s o n i c  
boom propaga t ion   t heo ry   deve loped   a t  New York U n i v e r s i t y   ( r e f s .  1 t o  3)  and  has  been 
inco rpora t ed   i n to   t he   compute r   p rog ram  a s soc ia t ed   w i th   t ha t  work. To p rov ide   i n fo r -  
ma t ion   on   t he   need   fo r   and   t he   impor t ance   o f   t h i s  work,  a br ie f   rev iew  of   sonic  boom 
pred ic t ion ,   ex t r apo la t ion ,   min imiza t ion ,  t es t  methods,  and some weaknesses of t h e s e  
methods is  i n c l u d e d   i n   t h e   n e x t   s e c t i o n .  

1.2 Review  of Sonic Boom  Work 

The s o n i c  boom c o n t i n u e s   t o   b e  a ma jo r   obs t ac l e   i n   t he   pa th   o f   t he   deve lopmen t  
o f   an   economica l ly   v i ab le   supe r son ic   t r anspor t   f l ee t .  Though much progress   has   been  
made in   unde r s t and ing ,   p red ic t ing ,   and   min imiz ing   t he   son ic  boom, t h e   u l t i m a t e   g o a l  
o f   p roduc ing   an   a i r c ra f t   w i th   son ic  boom c h a r a c t e r i s t i c s   a c c e p t a b l e   f o r   o v e r l a n d  
f l i g h t   r e m a i n s   e l u s i v e .  

Most cu r ren t ly   u sed   p red ic t ion  methods a re   based   on   theor ies   deve loped  by Whit- 
ham ( r e f .  4 )  f o r  a s u p e r s o n i c   p r o j e c t i l e ,   a n d  by Walkden ( r e f .  5 ) ,  who ex tended   the  
a n a l y s i s   t o   i n c l u d e   l i f t i n g   b o d i e s .  These t h e o r i e s  combined w i t h   t h e   s u p e r s o n i c   a r e a  
ru le   theory   deve loped  by Hayes ( r e f .  6 )  l e d   t o   t h e   g e n e r a l l y   a c c e p t e d   p r e d i c t i o n  
methods d e s c r i b e d   i n  some d e t a i l   i n   r e f e r e n c e  7. O r i g i n a l l y ,  it was f e l t   t h a t   a l l  
s o n i c  boom p r e s s u r e   s i g n a t u r e s  would  have a t t a i n e d   t h e   s t a n d a r d  N-wave shape when 
t h e y   i n t e r s e c t e d   t h e  ground. Work by  McLean ( r e f .  8) i n d i c a t e d   t h a t   f o r   a i r p l a n e s  
w i t h   e x t e n s i v e   l i f t i n g   s u r f a c e s   t h i s  was n o t  so. The " f r e e z i n g "   e f f e c t s   o f   t h e   r e a l  
a tmosphere   po in ted   ou t  by Hayes ( r e f .  9 )  r e i n f o r c e d   t h e   i d e a   t h a t   t h e   s i g n a t u r e  may 
still r e t a i n   m i d f i e l d   e f f e c t s  when it i n t e r s e c t s   t h e  ground. A m i d f i e l d   s i g n a t u r e  
r e t a i n s   e f f e c t s  of t h e   a i r p l a n e   s h a p e   a n d   t h u s   o f f e r s   t h i s   s h a p i n g   a s  a p o s s i b l e  
avenue  of  minimizing  the  sonic boom. 

Using   as  a b a s i s   t h e   s o n i c  boom p r e d i c t i o n  method, t he   i dea   o f  a mid f i e ld   s igna -  
t u re ,   and  work by J o n e s   ( r e f .  1 0 )  on t h e   f a r - f i e l d  minimum, Seebass  and  George  devel- 
oped a minimiza t ion   procedure   ( re fs .  11 and 12) which p r e d i c t e d  a minimizing  equiva- 
l e n t   a r e a   d i s t r i b u t i o n   f o r   g i v e n   f l i g h t   c o n d i t i o n s .   E x t e n s i o n s   t o   t h i s   p r o c e d u r e   f o r  
t he   r ea l   a tmosphe re   and   nose   b lun tness   r e l axa t ion   a r e   g iven   i n   r e f e rences  13 and 14. 
Working i n v e r s e l y ,   t h e   d e s i g n e r   c a n   d e v e l o p  a  model  whose area  matches  the  above 
boom-cons t ra ined   d i s t r ibu t ion .  This p rocess  was u s e d   i n   t h e   d e s i g n   o f   t h r e e  wing- 
body configurations,   which  were tested e x p e r i m e n t a l l y   f o r   s o n i c  boom l e v e l s   ( r e f s .  15 
and 1 6 ) .  Conc lus ions   f rom  tha t   s tudy   i nd ica t ed   t ha t   t he   app roach  is  v a l i d ,   b u t   t h a t  
the   boundary   l ayer   and  wake e f f e c t s  mst b e   c o n s i d e r e d   i n   t h e   d e s i g n   p r o c e s s .  Two 
f e a s i b i l i t y   s t u d i e s   ( r e f s .  17 and 1 8 ) ,  i n  which   sys tems,   passenger   loads ,   sa fe ty ,   and  
e f f i c i e n c y   c o n s i d e r a t i o n s  were i n c l u d e d ,   i n d i c a t e d   t h a t  a low-boom a i r c r a f t  w a s  
w i t h i n   t h e   r e a l m   o f   p o s s i b i l i t y ,   b u t   t h a t   e x t e n s i v e   i n - d e p t h   s t u d i e s   a n d   t r a d e - o f f s  
were n e e d e d .   C e r t a i n   c h a r a c t e r i s t i c   f e a t u r e s   o f  low-boom a i r c r a f t  seemed t o   e v o l v e  
f rom  the   s tud ie s .  These f e a t u r e s   i n c l u d e d  a l a rge   w ing   a r ea ,   l ong   roo t   cho rd ,   pos i -  
t i v e   d i h e d r a l ,  t w i s t ,  camber,  and  canards. 



As t h e o r e t i c a l   s o n i c  boom studies   have  evolved,  so have  the  accompanying tes t  
methods. The earliest  propagation  methods were b a s e d   e n t i r e l y   o n   f a r - f i e l d   t h e o r y  
and   t hus   r equ i r ed  as i n p u t   d a t a  a f a r - f i e l d  N wave. In o r d e r   f o r   t h e   p r e s s u r e   s i g n a -  
t u r e   t o   h a v e   t r a v e l e d  a s u f f i c i e n t  number o f   b o d y ,   l e n g t h s   t o   h a v e   a t t a i n e d  i t s  N wave 
form i n   t h e   e x i s t i n g   s u p e r s o n i c   t u n n e l s ,  model s i z e  w a s  l i m i t e d   t o   a p p r o x i m a t e l y  
1 inch. With t h e   a d v a n c e   i n  knowledge  of t h e  impor t ance   o f   t he   mid f i e ld   s igna tu re  
and  the  developnent  of  propagation  methods  which accepted t h i s   d a t a ,   w i n d - t u n n e l  
model s i z e  became l i m i t e d  by t h e   r e q u i r e m e n t   t h a t   t h e  data be axisymmetric.  Since 
tests have shown t h a t   d i s t u r b a n c e s   c a u s e d  by  volume are nea r ly   ax i symmet r i c   a t   abou t  
t h r e e  body l e n g t h s  away a n d   t h a t   t h o s e   c a u s e d  by t h e   l i f t i n g   f o r c e s   h a v e  also l o s t  
much o f   t h e i r  asymmetry, t h i s   l o w e r e d   r e s t r a i n t   g e n e r a l l y  allowed model s i z e  t o  
i n c r e a s e   t o   a p p r o x i m a t e l y  6 inches .   Mde l   bu i lde r s   can   i nc lude  many more f e a t u r e s   i n  
a 6-inch  model  than i n  one  which i s  only 1 inch. Even so, d e t a i l s   s u c h  as t w i s t ,  
camber, a n d   n a c e l l e s   a r e  s t i l l  near ly   imposs ib le  t o  i n c l u d e  on  a  1/50-scale  model 
w i th   t he   accu racy  needed. 

To i n c r e a s e   t h e   r e l i a b i l i t y  of t e s t i n g   t h e  la tes t  low-boom t r a n s p o r t   d e s i g n s ,  
t h e  models  should  be l imi t ed  only  by t u n n e l   s i z e   a n d   f l o w   q u a l i t y   w i t h i n   t h e   t u n n e l .  
Th i s  would  allow  model  size t o  i n c r e a s e   t o   r o u g h l y  2 f e e t   i n   s p a n   a n d  3 f e e t   i n  
l eng th .  This s i z e  would allow one model t o  be   u sed   fo r   bo th   fo rce   and   son ic  boom 
tests. I n   a d d i t i o n   t o   a l l o w i n g   i m p r o v e d   a c c u r a c y   i n   c o n s t r u c t i o n ,   t h i s   s i z e   a l s o  
r educes   t he   p rob lems   w i th   t he   boundary   l aye r   and   t he   s t i ng   suppor t   sys t em  ( r e f .   19 ) .  

Propagat ion  methods  based  on  l inear ized  theory become i n a c c u r a t e   f o r   s t r o n g  
shocks   where   s ign i f i can t   en t ropy   changes   occu r   and   fo r   h igh   a l t i t ude  and  Mach n m b e r s  
where the   cumula t ive   e f fec ts   o f   second-order  terms become s i g n i f i c a n t   ( r e f .  2 0 )  . The 
propagat ion method ( r e f s .  1 and 2 )  developed a t  New York Univers i ty  ( N Y U )  by F e r r i ,  
S i c l a r i ,   a n d   T i n g   e l i m i n a t e s  many of these  problems.  Nonlinear terms have  been 
r e t a i n e d ,   a n d   a l t i t u d e   e f f e c t s   a n d   e n t r o p y   e f f e c t s   a r e   i n c l u d e d .  The method  of so lu -  
t i o n  i s  the   mod i f i ed  method of c h a r a c t e r i s t i c s  (MMOC), i n  which s t e p  s i z e s  on t h e  
o rde r  of s e v e r a l  body l e n g t h s  may be   t aken   w i thou t   des t roy ing   t he   accu racy  of t h e  
program. The program  includes  nonl inear   effects ,   which are i m p o r t a n t   i n   t h e   n e a r  
f i e l d ,   b u t  s t i l l  does   no t   accoun t   fo r   nonax i symmet r i c   e f f ec t s ,   wh ich   a r e   a l so   ve ry  
prominent. A second  program  (ref .  3 ) ,  developed by Fe r r i ,   T ing ,  and  Lo, i n c l u d e s   t h e  
a s y m m e t r i c   e f f e c t s   n e a r   t h e   v e r t i c a l   l i n e   o f  symmetry - where  sonic boom e f f e c t s   a r e  
s t r o n g e s t .  This is accomplished by b r ing ing   i n   t h ree -d imens iona l   e f f ec t s   t h rough  
d e r i v a t i v e s   i n   t h e   c i r c u m f e r e n t i a l   d i r e c t i o n  which  do no t   van i sh  i n  t h e   v e r t i c a l  
p l a n e  of  symmetry. The method i n t r o d u c e s   t h e   e f f e c t s  of  asymmetry without   the  pro-  
h i b i t i v e   d i f f i c u l t y  of t h e   f u l l   t h r e e - d i m e n ' s i o n a l  method  of   charac te r i s t ics .  

As s t a t e d ,   t h e  low-boom t r a n s p o r t  model w i l l  have a very   compl ica ted ,   ro ta t iona l  
n e a r   f i e l d   w i t h  embedded shocks  from  the  wing-fuselage  juncture,   from  engine  pods,  
a n d   f r o m   o t h e r   p a r t s   o f   t h e   a i r c r a f t .  In t h e   n e a r   f i e l d ,   t h e s e  embedded shocks w i l l  
not   have  coalesced  into  one  shock.  Though t h e  NYU p rogram  accep t s   i npu t   a t   app rox i -  
mately  one body l eng th ,  it cannot   handle   the   coa lescence   o f   shocks ,   and   thus ,   ca lcu-  
l a t i o n s   c e a s e .  

Us ing   t he  same approach as t h a t   u s e d   t o   i n c l u d e   t h e   t h r e e - d i m e n s i o n a l   e f f e c t s   i n  
t h e  MMOC program, t h i s   p a p e r  presents t h e   a n a l y s i s   f o r   a x i s y m m e t r i c   a n d  nonaxisymmet- 
r i c  shock  coalescence. 
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1.3 O u t l i n e  of  Discussion 

As p r e v i o u s l y   s t a t e d ,   t h e   m a j o r   c o n t r i b u t i o n   o f   t h i s   p a p e r  is t h e   a n a l y s i s   a n d  
so lu t ion   fo r   shock   coa le scence   w i th  asymmetric e f f e c t s ,  as d e s c r i b e d   i n   s e c t i o n  3. 
However, b e c a u s e   t h i s  method w a s  developed t o   b e   u s e d   w i t h   t h e  MMOC program, it i s  
a l so   necessa ry  t o  d e s c r i b e   i n  some d e t a i l   t h e  methods  of t h a t  program, t h e  method i n  
which the   shock   coa lescence  i s  combined  with  the MMOC program,  and  the  methods  used 
t o  f i n d   a d d i t i o n a l   i n f o r m a t i o n   n e e d e d   f o r   t h e   s o l u t i o n .  

To t h i s   e n d ,  a f a i r l y   d e t a i l e d   d e s c r i p t i o n  of t h e   e q u a t i o n s   a n d  method o f   so lu -  
t i o n   o f   t h e  MMOC program are g i v e n   i n   s e c t i o n  2. Also i n c l u d e d   i n   t h a t   s e c t i o n  is  a 
d e s c r i p t i o n   o f   t h e   c l o s u r e   c o n d i t i o n   o f   t h e  method. The l i m i t a t i o n s   i n t r o d u c e d   i n t o  
t h e   o u t g o i n g   c h a r a c t e r i s t i c  t o  e n a b l e   l a r g e r   s t e p   s i z e s  are a l so   desc r ibed .  

Sect ion 3 i n c l u d e s   t h e   a n a l y s i s   a n d  method  of s o l u t i o n   f o r   s h o c k   c o a l e s c e n c e  - 
both   the   ax isymmetr ic   and  asymmetric cases .  Once t h e   p o i n t  of  shock i n t e r s e c t i o n  i s  
loca ted ,   t he   ax i symmet r i c   so lu t ion  i s  found  and   then   the  asymmetric s o l u t i o n .  N o  
i t e r a t i o n  i s  needed,   s ince  the  axisymmetr ic   and  asymmetr ic   governing  equat ions  are  
not  coupled. 

S p a t i a l   d e r i v a t i v e s   s u c h  as u and ur a r e   n e c e s s a r y   f o r   t h e  asymmetric 
coa le scence   so lu t ion ,   and   t hese   va r i ab le s   a r e   no t   de f ined  i n  t h e  MMOC program.  Sec- 
t i o n  4 d e s c r i b e s   t h e  methods  used t o   o b t a i n   t h e i r   v a l u e s .  Used i n  s e c t i o n  4 i s  a 
method  developed by L in  and Rubinov ( r e f .  2 1 ) ,  which s t a t e s   t h a t   i f   t h e   c u r v a t u r e   o f  
a  shock i s  known, t h e n   t h e   s p a t i a l   d e r i v a t i v e s   b e h i n d   t h e   s h o c k   a r e   a l s o  known. The 
s y s t e m   o f   e q u a t i o n s   f o r   t h e   d e r i v a t i v e s  becomes inde termina te   for   shocks   o f   zero  
s t rength   and ,   therefore ,   unsui tab le   for   numer ica l   computa t ions   wi th  weak shocks.  In 
t h e   c u r r e n t   a n a l y s i s ,  it i s  assumed t h a t   t h e   r e s u l t a n t   s h o c k  i s  of f i n i t e   s t r e n g t h ,  
bu t   t he   i s en t rop ic   shock   o r   expans ion  wave of t he   oppos i t e   f ami ly   needed   t o   equa l i ze  
t h e  system i s  s o  weak t h a t   c o n t i n u i t y  of t h e   v a r i a b l e s   a c r o s s   t h e  wave may be  used. 
Fo r   shocks   o f   ze ro   s t r eng th ,   t he   cu rva tu re   o f   t he   shock   (o r   t ha t   o f   t he   cen te r l ine   o f  
an   expans ion   f an )   d i f f e r s   f rom  tha t  of t h e   c h a r a c t e r i s t i c   a h e a d   o f   a n d   b e h i n d   t h e  
shock  because of t h e  jump of t h e   c u r v a t u r e  of t h e   s t r e a m l i n e ,  which i s  c o n t i n u o u s   i n  
slope.  To genera l ize   the   sys tem  for   shocks   o f   any   s t rength ,  it i s  n e c e s s a r y   t o  
r eg roup   t he   equa t ions   i n   such  a way t h a t   t h e  common f a c t o r  which  vanishes   for   zero 
shock   s t r eng th   cance l s   ana ly t i ca l ly .  

X 

The procedure  for   combining  the  shock  coalescence  with  the MMOC program i s  
descr ibed  i n  s e c t i o n  5. This s e c t i o n   i n c l u d e s  a d e s c r i p t i o n   o f  how t h e   i n t e r s e c t i o n  
p o i n t  i s  found, how d a t a   i m m e d i a t e l y   i n   f r o n t   o f   t h e   i n t e r s e c t i o n   p o i n t  are de te r -  
mined, t h e   s o l u t i o n ,   a n d   t h e n  how t h e   s o l u t i o n  i s  recombined   w i th   t he   cha rac t e r i s t i c  
network. 

Sec t ion  6 desc r ibes   r e su l t s   wh ich  were o b t a i n e d   f o r  a l i f t i n g  body  of r e v o l u t i o n  
with embedded shock   coa lescence   dur ing   propagat ion .  It i s  beyond t h e   s c o p e   o f   t h i s  
pape r   t o   conduc t  a pa rame t r i c   s tudy   w i th  many d i f fe ren t   bodies .   Rather ,   the   emphas is  
i s  placed  on  the  developnent   and  incorporat ion  of   the  method  of   shock  coalescence 
w i t h   t h e  MMOC program,  and a simple body  of r evo lu t ion  is  used t o   i l l u s t r a t e   t h e  
r e s u l t s .   E x t r a p o l a t e d   d a t a   f r o m   t h e  MMOC program a r e  compared  with results from  two 
well-known s o n i c  boom predic t ion   methods   which   a re   based   on   modi f ied   l inear   theory .  

This work w a s  done t o   s a t i s f y   i n  par t  the   r equ i r emen t s   fo r   t he   deg ree   o f   Doc to r  
of   Science a t  George  Washington  University,  February 1983. 
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2. THEORETICAL BACKGROUND FOR MMOC SONIC BOOM PROPAGATION METHOD 

2.1 Governing  Ekpations  and Closure Condit ions 

The ana lys i s   deve loped  i n  t h i s   p a p e r  is an  extension  of   the  methods  developed  in  
r e fe rences  1 t o  3. G o v e r n i n g   e q u a t i o n s   f o r   t h e   s t e a d y - s t a t e ,   i n v i s c i d   f l o w   f i e l d  
i n c l u d i n g   g r a v i t a t i o n a l  terms and v a r i a t i o n   i n   t o t a l   e n e r g y  are ( r e f .  22)  

Momentum 

Cont inui ty  

p V . f + 3 * V p = O  

mer gy 

-+ 
V V H = O  

S t a t e  

p = pRT 

where t h e   t o t a l   e n t h a l p y  H i s  de f ined  by 

2 
H = + R T + F + g z  

Y -  

In   these   equat ions ,  g, i s  t h e   a c c e l e r a t i o n   d u e   t o   g r a v i t y ,  G is t h e  body f o r c e  
v e c t o r   p e r   u n i t  mass (G = -g  Vz, where z i s  $he v e r t i c a l   c o o r d i n a t e ) ,  R is t h e  
gas   constant ,   and q i s  t h e  f h i d  speed  (q  = I V I ) . 

+ 

It i s  conven ien t   fo r   computa t iona l   pu rposes   t o   t r ans fo rm  the  set  of governing 
equat ions .  The Gibbs r e l a t i o n   ( r e f .  23) is i n t r o d u c e d   i n   t h e  form 

where S i s  t h e   f l u i d   e 5 t r o p y   p e r   u n i t  mass. Use of   equat ion  (2 .6)   and  the  re la t ion 
v . v$ = v(q2/2)  + ( V  x V) x v a l l o w s   p r e s s u r e   a n d   d e n s i t y   t o  be e l imina ted  from t h e  
momentum and   con t inu i ty   equa t ions ,  which become 

+ 
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and 

i n  which the  speed  of   sound a is  given by a2 = yRT. It is  n o t e d   h e r e   f o r  later 
u s e   t h a t   i n  view  of  equation  (2.3),  the component  of equat ion  (2 .7)   a long a stream- 
l i n e  is  

Ahead of   the  bow shock, the flow is assumed t o  be uni form  wi th   ve loc i ty  U . 
The tempera ture   Tm(z)   and   the   p ressure   pm(z)  are g iven   func t ions  of t h e   a l t T t u d e  
z which s a t i s f y   t h e   c o n d i t i o n   o f   h y d r o s t a t i c   e q u i l i b r i u m  

Jump c o n d i t i o n s   f o r   t h e  

" 
9 
R 

sys t em  cons i s t ing   o f   equa t ions   (2 .3 )   t o   (2 .8 )  are d i scussed  
i n   d e t a i l  later. However, it i s  p o i n t e d   o u t   h e r e   t h a t   t h e   t o t a l   e n t h a l p y   r e m a i n s  
cons t an t   ac ross  a s ta t ionary   shock  wave (ref .   23) .   This ,   together   with  equa-  
t i on   (2 .3 )  implies t h a t  H is i n v a r i a n t   a l o n g   s t r e a m l i n e s  

(2.1 0) 

where t h e   n o t a t i o n  zm is in t roduced   t o   deno te   t he   e l eva t ion   o f  a p a r t i c u l a r  stream- 
l ine   i n   t he   un i fo rm  f low  ahead   o f   t he  bow shock.  In  the  numerical   computations 
descr ibed  la te r ,  t h e   f u n c t i o n   z m ( x , y , z )  yas a c t u a l l y   c a l c u l a t e d   i n s t e a d   o f  H 
i t s e l f ,  by rep lac ing   equat ion   (2 .3)   wi th  V Vz,, = 0. Once zm o r  H and  the 
v e l o c i t y  are known, then  T can be considered as known from  equation  (2.10).  Thus, 
the   sys tem  cons is t ing   o f   equa t ions   (2 .3) ,   (2 .7) ,   and  (2 .8 )  can be regarded as a s y s -  
tem o f   f i v e   e q u a t i o n s   f o r   f i v e  unknowns: u I  v, w, S I  and H. 

For a n   a i r p l a n e   f l y i n g  a t  c o n s t a n t   a l t i t u d e  Y, it i s  c o n v e n i e n t   t o   i n t r o d u c e  
c y l i n d r i c a l   c o o r d i n a t e s  x, r, 4, shown i n   s k e t c h  A, wi th   ve loc i ty  components  u, 
v, w where 

z = Y - r c o s +  

and 
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A 
I -L 

Ground 

Sketch A 

In   this   coordinate   system,  the  f ive  fundamental   equat ions  (2 .31,   (2 .71,   and  (2 .8)  are 
expressed as 

a H  aH w a H  u -  + v - + - -  = o  
ax a r  r aJ, (2.1 1 )  

(2.1 2)  

(2.1  4) 

(2.1 5) 

I n   t h e  ver t ica l  p l ane  of symmetry, t h e   c i r c u m f e r e n t i a l   v e l o c i t y  w vanishes  as do 
t h e  f irst  d e r i v a t i v e s  of a l l  v a r i a b l e s   e x c e p t  w with  respect t o  t h e  circumferential 
d i r ec t ion .  Thus i n  t h e   p l a n e  J, = 0, equat ions  (2 .11)  t o  (2.14) become 

(2.16) 

(2.1 8) 
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( 2 . 1 9 )  

Equation ( 2 . 1 5 )  i s  i d e n t i c a l l y   s a t i s f i e d   i n   t h e   p l a n e  J, = 0. 

Equations ( 2 . 1 8 )  and ( 2 . 1 9 )  a r e  combined to g ive  

( 2 . 2 0 )  

where q Wan = u ( a / a r )  - v(a /ax) ,   and   a /an  i s  t h e   d e r i v a t i v e   n o r m a l   t o   t h e  stream- 
l ine .   Equat ion  ( 2 . 2 0 )  r e p r e s e n t s   o n e   s c a l a r  component  of t h e   o r i g i n a l   v e c t o r  equa- 
t i o n  ( 2 . 7 ) .  The second  independent   re la t ion  w i l l  b e   t a k e n   t o   b e   e q u a t i o n  ( 2 . 9 ) ,  
which i n   t h e   p l a n e   o f  symmetry  becomes 

as as  
ax + V a r  

u -  = o  ( 2 . 2 1 )  

Equat ions ( 2 . 1 6 1 ,   ( 2 . 1 7 ) ,   ( 2 . 2 0 1 ,  and ( 2 . 2 1 )  now form  a set  of four   equa t ions  
w i t h   f i v e  unknowns: u ,  v, S, H ,  and  aw/a+ .  For the  axisymmetr ic   approximation,  
it i s  assumed t h a t   t h e   t e r m  ( l /r)  ( a w / a J , )  i s  n e g l i g i b l e   a t   l a r g e   v a l u e s  of r. Thus, 
a c losed  system  of   equat ions i s  a t t a i n e d .   I f   t h i s   a s s u m p t i o n  i s  no t  made, t h e n  
another  method f o r   c l o s i n g   t h e   s y s t e m  must  be  found. 

S ince   equat ion  ( 2 . 1   5 )  i s  a n   i d e n t i t y   i n   t h e   p l a n e  J, = 0, i t s  f i r s t   d e r i v a t i v e  
w i t h   r e s p e c t   t o  J, i s  taken. This p r o c e s s   i n t r o d u c e s   a n   a d d i t i o n a l   e q u a t i o n ,   b u t  it 
a l s o   i n t r o d u c e s   s e v e r a l  new unknowns. %e s e c o n d   d e r i v a t i v e   w i t h   r e s p e c t   t o  J, is  
taken  of  equations ( 2 . 1  1 )  t o  ( 2 . 1 4 )  and ( 2 . 9 ) .  ?he   de r iva t ives  of equat ions  (2 .1  3) 
and ( 2 . 1   4 )  a r e  comhined by mul t ip ly ing  (2 .1  3 )  by u/q and   sub t r ac t ing   t he   p roduc t   o f  
v/q  and  equation (2.1 4) . %is p r o c e s s   i n t r o d u c e s   f i v e  new equat ions  and f i v e  new 

naw cons i s t s   o f  9 equat ions   and  1 0  unknowns. 
unknowns:  a2u/aG2, a%/aG2, a2H/aG2, a2s/aG2, and a 3 ~ / a + 3 .  !the en t i r e  system 

The c losure   assumpt ion   in t roduced  i n  r e fe rences  1 t o  3 i s  

( 2 . 2 2 )  

This  assumption i s  j u s t i f i e d  on t h e   b a s i s   t h a t   t h e   p r i m a r y   c o n t r i b u t i o n   t o   t h e  cross 
f low  can  be  descr ibed by a f u n c t i o n  of t h e  form 

w - w ( x , r )   s i n  J, 

which i s  a va l id   approximat ion   descr ib ing   asymmetr ies   due  t o  l i f t  or small asymme- 
tries which are p r e s e n t   a t   a p p r o x i m a t e l y   o n e   t o  t w o  body l e n g t h s   f r o m   a n   a i r c r a f t .  
With t h e   c l o s u r e   c o n d i t i o n ,   t h e   s y s t e m   r e d u c e s   t o   n i n e   e q u a t i o n s   a n d   n i n e  unknowns. 
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The l a s t  f i v e   e q u a t i o n s   f o r m e d   b y   t a k i n g   d e r i v a t i v e s   i n   t h e   c i r c u m f e r e n t i a l  
d i r e c t i o n  are l i s t e d  below where the   c losu re   cond i t ion ,   equa t ion   (2 .221 ,   has   a l r eady  
been   appl ied .   For   convenience ,   the   fo l lawing   no ta t ion  i s  introduced:  

q u a t i o n s  (2.1 1 )  t o  (2 .15)   y ie ld  

A 
- N  zx + ;F?, + GGr + vII + 2 H = 0 

N 

r r  

N A  u N + v N - 1_[;ZGx + GFr + J )  + ;"I= v + 2 + + vur " + vvx) " 

X r 2 2  

+ ;; (2;; + uvx + ;p> + g(;  - ;) " 

r 

an  

A iz + u s  + z r + z  + E S = O  
- N  N 

X X r r  

(2.23) 

(2.24) 

(2.25) 

(2.26) 

(2.27) 

Equat ion  (2 .25)   resul ts   f rom  the  combinat ion of t h e   d e r i v a t i v e s  of equations  (2.13) 
and  (2.1 4 ) .  The opera tor   a /an  is  def ined   benea th   equat ion   (2 .20) .   mua-  
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t i o n s  (2 .16) ,   (2 .17) ,   (2 .20) ,   (2 .21) ,  and (2.23) t o  (2.27) form  a  system of n ine  
equat ions   and   n ine  unknowns: u,  v, w ,  H, S, u,  v, G, and S.  The f i r s t  se t ,  
equa t ions  (2 .16)  , (2.17),   (2.20) , and (2.2 1) , a re   coup led   weak ly   t o   t he   s econd  set, 
equat ions  (2.23) t o  (2.27), t h r o u g h   t h e  term ( l / r ) ( a w / a + )   i n   e q u a t i o n  (2 .17) .  

" A " "  - 

The method  of c h a r a c t e r i s t i c s   ( r e f .  24)  i s  a p p l i e d   t o   e q u a t i o n s  (2 .17)  
and (2.20) a n d   r e s u l t s   i n   t h e   f o l l o w i n g   c h a r a c t e r i s t i c   e q u a t i o n s :  

c o t  p as i- d s  + -(T d s  - d i )  
c o t  p - 

q 2 q 

These e q u a t i o n s   a r e   v a l i d   a l o n g   t h e   c h a r a c t e r i s t i c   d i r e c t i o n s  

- = t a n ( %  p) d r  
dx 

where = J u + v , 0 ( t h e   d i r e c t i o n  of the   f low)  = t a n  (v/u) , and 
-2  -2 - - 1  - 

p ( t h e  Mach a n g l e  

A second   s e t  
(2 .25) .  Equation 

) = s i n  (l/M). - 1  

(2.28) 

(2 .29)  

of c o n p a t i b i l i t y   e q u a t i o n s   a r e   d e r i v e d   f r o m   e q u a t i o n s  (2.24) a n d  
(2 .24)  i s  e x p r e s s e d   a s  

(2.30) 

where 5f s t a n d s   f o r   t h e   r i g h t - h a n d  side of  equation (2 .24)  r e w r i t t e n   i n   t h e   f o r m  

1 

(- - + g v - v + m + v -  12) - a M GJ 
A -  -2  -2 2 ag 
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i n  which a/& is  t h e   d e r i v a t i v e   a l o n g   t h e   s t r e a m l i n e   d e f i n e d  by 
q a / a O  = u(a /ax)  + v(a / a r> .  Then equat ions  (2 .25)   and  (2 .30)   yield a second set  of 
compa t ib i l i t y   equa t ions  

a long   t he  same c h a r a c t e r i s t i c   d i r e c t i o n s  

- = tan(G p) d r  
dx 

(2.31 ) 

(2.32) 

where J rep resen t s   t he   r i gh t -hand   s ide  of equat ion  (2 .25) .  

Equations  (2.281,  (2.161,  and (2 .21)  p rov ide   so lu t ions   fo r   u ,  v, E, and H 
" - 

f o r  a given  value  of G, and  equations  (2.31) , (2.23),  (2.261,  and  (2.27)  yield 
u, v, S I  ti, and 6 .  Solu t ions  are obta ined  by s imul t aneous ly   so lv ing   fo r   t he  
v e l o c i t y  components a t  t h e   c h a r a c t e r i s t i c   i n t e r s e c t i o n s   a n d   f o r   e n t h a l p y   a n d   e n t r o p y  
a long   s t reaml ines .  

" -  

2.2 Shock Condit ions 

The t rea tment   o f   the  bow shock  and a l l  embedded shocks i s  approached i n   t h e  same 
manner. When the   comple t e  s e t  of   f ive   shock   equat ions  are l i m i t e d  t o  t h e   p l a n e  
+ = 0, t h e  +-momentum equat ion   vanishes   indent ica l ly .   There  are four  remaining  equa- 
t i o n s   t o   s o l v e   f o r   t h e   s h o c k   s h a p e  f r  and  u, v, p, and T behind   the   shock .  

- "  - 

The c o m p a t i b i l i t y   c o n d i t i o n   a l o n g   t h e  C+ c h a r a c t e r i s t i c   b e h i n d   t h e   s h o c k   p r o v i d e s  
the   add i t iona l   equa t ion   needed   t o   c lo seAthe   sys t em  fo r   t he   ax i symmet r i c  case. ?he 
equat ions   needed   to   de te rmine   u ,  v, w, ?, and E are  de r ived  by t a k i n g   t h e   f i r s t  
d e r i v a t i v e   w i t h   r e s p e c t   t o  + of t h e  +-momentum equa t ion   ac ross   t he   shock   and   t he  
second   de r iva t ive   w i th  respect t o  + of   the   remain ing   shock   equat ions .  (The proce- 
d u r e   f o r   d e r i v i n g   t h e s e   s h o c k   e q u a t i o n s   i s A d e s c r i b e d   i n   d e t a i l   i n   S e c t i o n   3 . )  This 
p r o c e s s   i n t r o d u c e s   s i x  unknowns, u ,  v, w, p, ?, and g, a n d   f i v e  new equat ions .  
The c o m p a t i b i l i t y   e q u a t i o n   f o r   t h e   s e c o n d   d e r i v a t i v e   q u a n t i t i e s ,   e q u a t i o n   ( 2 . 3 1 )  , i s  
used t o   c l o s e   t h e   s y s t e m   b e h i n d   t h e   s h o c k .  

u u  

u -  N 

2.3  Method of   Solut ion 

A 

Because t h e  two sets of   equa t ions  ?re coupled  only  weakly  through w, t h e  method 
o f   s o l u t i o n  i s  i t e r a t i v e .  A value   o f  w i s  assumed,  and the   sys t em  cons i s t ing   o f  
equat ions  (2 .16)  , (2 .211 ,  and ( 2 . 2 8 )  i s  s o l v e d   f o r   u ,  v, H,-and- E.- This 
informat ion  is  used t o   s o l v e   t h e   s e c o n d  s e t  of e q u a t i c p s   f o r   u ,  v, H, S I  and w.  
The e n t i r e   p r o c e d u r e  i s  r e p e a t e d   u n t i l   t h e   v a l u e   o f  w converges. 

- "  
A 

The program is  an   ex t rapola t ion   program,   and  i t  r e q u i r e s   i n i t i a l   i n p u t   a p p r o x i -  
mately  one body l eng th   f rom  the   ax i s   o f   t he   a i r c ra f t .   These   da t a   mus t  be provided 
e i t h e r  by experimental   methods  or by  programs  which calculate t h e   e n t i r e   f l o w   f i e l d  
a b o u t   a n   a i r c r a f t .  F r o m  t h e   f i r s t   d a t a   p o i n t s   o n   t h e   i n i t i a l   l i n e ,  a new  bow shock 
p o i n t  i s  loca ted .   Ca lcu la t ions   p roceed   f rom  th i s   po in t   a long   t he  C- c h a r a c t e r i s t i c  
u n t i l   t h e   i n i t i a l   d a t a   l i n e  i s  i n t e r s e c t e d .  Thus, a new d a t a   l i n e  i s  crea ted .   This  
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process  i s  r e p e a t e d   u n t i l   f i n a l l y   t h e  new d a t a   l i n e  i s  a C- c h a r a c t e r i s t i c   w h i c h  
te rmina tes  a t  t h e  l a s t  d a t a   p o i n t   o n   t h e   i n i t i a l   l i n e .  ?he next  C- c h a r a c t e r i s t i c  
i s  t h e n   s t a r t e d ,   a n d   c a l c u l a t i o n s   c o n t i n u e   t o   g r o u n d   i n t e r s e c t i o n .   ( S e e   s k e t c h  B.) 

t. 
Ground 

C c h a r a c t e r i s t i c  

C+ c h a r a c t e r i s t i c  

,. I.  I.  I. .-  I, ._ ,. .. ,. , ,. 
X = Calculation  point ". I n i t i a l   d a t a   l i n e  

Sketch B 

2.4 Far-Field  Modif icat ions 

Because o f   t he   ex t r eme   p ropaga t ion   d i s t ances   necessa ry   w i th   t h i s  method and  thus 
t h e   p o s s i b i l i t y   o f   a c c u m u l a t e d   e r r o r   i n  many s teps   t aken ,   the   ou tgoing  8 + p char- 
acter is t ics  are mod i f i ed   acco rd ing   t o  Whitham t h e o r y   t o   a l l o w   f o r  a g radua l   i nc rease  
of s t e p   s i z e   i n  C+ t o   t h e   o r d e r   o f   s e v e r a l  body l eng ths  as r increases .   Within 
t h i s   m o d i f i c a t i o n ,   t h e   c h a r a c t e r i s t i c s  are  n o   l o n g e r   c o n s i d e r e d   t o   h e   s t r a i g h t   b u t  
are curved i n  a manner c o n s i s t e n t   w i t h  Whitham theory.  The modif ica t ion  i s  a p p l i e d  
a t  each s tep  i n   t h e  8 + ~1 cha rac t e r i s t i c   and   a long   t he   shock  waves. 

Whitham ( r e f .  4 )  g i v e s   t h e   f o l l o w i n g   r e l a t i o n s h i p   f o r   t h e   s l o p e  of the   charac-  
t e r i s t ic  

where 

p, = { T l .  

The e x a c t   c h a r a c t e r i s t i c  i s  modified by 

k F   k F  
- - pm + - = c o t m  + p )  - pm +- d x  m Q) 

d r  1 / 2  
2r 1 / 2  2 r  

F = r  1 / 2  vp 
P 

The c h a r a c t e r i s t i c   e q u a t i o n  i s  then   rear ranged  so t h a t   t h e   l e f t   s i d e  i s  a n  exact  
d i f f e r e n t i a l   o f   t h e   i n v a r i a n t   u n d e r  Whitham t h e o r y ,   a n d   t h e   r i g h t   s i d e  is t h e n   a n  
order  of  magnitude smaller t h a n   t h a t   i n  a s t a n d a r d   c h a r a c t e r i s t i c   e q u a t i o n  

1 1  



Thus, 

(2.33) 

x = pODr - kODl?r1’2 + JE d r  + A 
C 

where 

and Ac i s  a c o n s t a n t  of i n t e g r a t i o n .  E is  smaller t h a n  cot(€l + p) and  thus 
allaws t h e  s tep s i z e  t o  g radua l ly   i nc rease  t o  s e v e r a l  body l e n g t h s   i n   t h e  f a r  f i e l d .  
A similar procedure i s  u s e d   f o r   t h e  bow shock   and   fo r  embedded shocks.  A more 
d e t a i l e d   d e s c r i p t i o n  of t h i s   p r o c e d u r e  i s  found i n   r e f e r e n c e  1.  It i s  d e t e r m i n e d   i n  
r e fe rence  1 t h a t  errors of  less than  1 p e r c e n t  a re  p r e s e n t   i n   g r o u n d   s i g n a t u r e s   e v e n  
when t h e   r a d i a l  s tep s i z e s  are a l l o w e d   t o   i n c r e a s e   g r a d u a l l y  t o  s e v e r a l  body l eng ths  
i n   t h e   f a r   f i e l d .  

3 .  COALESCENCE O F  SHOCKS 

3.1 Axisymmetric  Shock  Coalescence 

3.1 . l   Governing  equations .- Once  removed f r o m   t h e   a x i s   o f   t h e   b o d y ,   t h e   t r e a t -  
ment  of t h e   s h o c k   i n t e r a c t i o n   f o r   t h e   a x i s y m m e t r i c  case becomes t h e  same as  f o r   t h e  
two-dimensional case. “Ius,  when t h e  shock  angle i s  de f ined ,   t he   ob l ique   shock  equa- 
t i o n s  may be used. 

Incoming  shocks f l  ( r )  and f 2 ( r )  are given,  and i t  i s  assumed t h a t   t h e   p o i n t  
o f   i n t e r s e c t i o n  po has   a l ready   been   de te rmined ,  (See s k e t c h  C.)  Theory t e l l s  u s  

Incoming 
s h o c k s  

f j  (r) R e s u l t a n t   s h o c k  

-- h (X) Slipstream 
I 

\ f 4 ( r )  W e a k   s h o c k  of 
o p ~ o s  i te f ani ly 

Sketch C 
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t h a t  from a shock-shock i n t e r a c t i o n  of t h i s   n a t u r e ,  we may expect a r e su l t an t   shock  
f 3 ( r )   o f   t h e  same family,   and a s l i p s t r e a m  h c rea t ed   because  of t h e   d i f f e r e n c e   i n  
en t ropy   of   the   f low  pass ing   th rough  one   shock   and   tha t   pass ing   th rough two shocks. 
Because  the  pressure  and  f low  direct ion  must   be  equal  a t  t h e   s l i p s t r e a m ,  a weak 
( i sen t ropic)   expans ion   or   shock   f4(  r )  of t he   oppos i t e   f ami ly  may be  needed t o  allow 
b o t h   c o n d i t i o n s   t o  be m e t .  

I n   t h i s   s i t u a t i o n ,   t h e  unknowns are u4, v4, p4, T4, v5, u5, p5, T5, p3, 
and p4, where p is  the   shock   ang le   w i th  respect t o   t h e   f l o w   a h e a d .  The s t a n d a r d  
obl ique   shock   equat ions  are 

V = v  
1 , t  5, t 

The c o n d i t i o n s   h o l d i n g   a c r o s s   t h e   s l i p s t r e a m   h ( x )   a r e  

e = e  
4 5 

and 
P4 = P5 

a n d   a c r o s s   t h e   i s e n t r o p i c  wave i n   r e g i o n s  3 and 4, w e  r e q u i r e  

T = T  
4,T  3,T 

- - 
'4,T  '3,T 

PT 

T =  T (l +$)" 
T 

(3.9) 

(3.10) 
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The sys tem  cons is t ing   o f   equa t ions   (3 .1)  t o  (3.10) i s  c losed   wi th   10   equat ions   and  
10 unknowns. A l l  v a l u e s   i n   r e g i o n s  1 and 3 are  known. 

3.1.2  Method of solut ion.-  The s o l u t i o n  process is  begun by a s s u m i n g   a n   i n i t i a l  
value  of  8,; the   guess   used  is 

Using  equat ions  (3 .1)   to   (3 .4)  , u5, e, vs,  and T5 are ca lcu la ted .  From equa- 
t ions   (3 .5)   and   (3 .61 ,   va lues   for  
a n d   t o t a l   t e m p e r a t u r e   i n   r e g i o n s  3 and 4 are equal   and   because  a l l  i n f o r m a t i o n   i n  
reg ion  3 is  known, equat ion  (3 .9)  may b e   a p p l i e d   i n   b o t h   r e g i o n s   t o   c a l c u l a t e  

04 and P4 are  obta ined .  Because t o t a l   p r e s s u r e  

and  equation  (3.1 0 )  c a n   b e   u s e d   t o   c a l c u l a t e  

S i n c e   t h i s  i s  a p e r f e c t   g a s  

a = [ ~ R T  
4 

a4M4 
u =  4 

and 

v = u t a n  0 
4 4 4 

The  Prandtl-Meyer  angle i n   b o t h   r e g i o n s  i s  

(3.15) 
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The a n g l e   o f   t h e  weak wave f 4  i s  c a l c u l a t e d   u s i n g   t h e   s t a n d a r d   p r e s s u r e  r a t i o  
equat ion  

(3.18) 

It h a s   a l r e a d y   b e e n   d e t e r m i n e d   t h a t   t h e  wave f 4  must be o f   t h e  opposite fam- 
i l y .   I f  it i s  an   expans ion ,   then  p < p3, and   therefore ,  M > M3 and 
Also, because i t  is  of t h e   o p p o s i t e   f a m i l y ,   t h e n  e4 > 03. Slmi la r ly ,  if ~t 1s a 
Shock,  then p4 > p3, M < M3, v4  < v3,  and Q 4  < 03. ‘Ihe error i n   t h e   o r i g i n a l  

$, i s  a s ses sed   by   ca l cu la t lng  guess  

4 v4 ? v3’ 

4 

Error(N) = ( v4 - v3)  + ( e 3  - e4) (3.1 9) 

To i terate ,  a new va lue  of f4 i s  assumed,  and a l l  c a l c u l a t i o n s  are repeated.  After 
t h e   s e c o n d   i t e r a t i o n ,  a s t r a i g h t   l i n e   e x t r a p o l a t i o n  is  used t o   g u e s s  a new va lue   o f  
P 3 ( N )  

mror(N-2)  p3(N-l)  - mror(N-1)  p3(N-2) 

Error(N-2) - Error(N-1) P 3 ( N )  = (3.20) 

where N r e p r e s e n t s   s u c c e s s i v e   i t e r a t i o n s   a f t e r   t h e   s e c o n d .   I t e r a t i o n s  a r e  
c o n t i n u e d   u n t i l  

E r r o r ( N )  < E 

where E i s  some prede termined   e r ror   c r i te r ion .   Genera l ly ,   convergence   occurs  
w i t h i n   f i v e   o r  six i t e r a t i o n s   e v e n  when t h e  error c r i t e r i o n  E is o n   t h e   o r d e r  of 
10’’ f o r  weak shocks. Once t h e   a n g l e s  p3 and p4 have  been  determined,  the 
e n t r o p i e s  s4 and s5 may be ca l cu la t ed   u s ing   s t anda rd   shock   equa t ions .  The slopes 
of   the  shocks  and slipstream are  

1 
f 3   t a n ( p 3  + e , )  - - 

r 

1 
f 4   t a n (  p4 + e,) 

- - 
r 

(3.21) 

(3.22) 

and 

(3.23) 
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3.2 Asymmetric  Shock Coalescence 

3.2.1 Derivation  of  shock  equations.-  The s h o c k   c o n d i t i o n s   a c r o s s   t h e   r e s u l t a n t  
embedded  shock X = f ( r ,  +) are now developed. The region  ahead of the  shock is 
denoted by t h e   s u b s c r i p t  1 and t h a t  immediately  behind  the  shock by t h e   s u b s c r i p t  5. 
The conserva t ion   condi t ions   across   the   shock  are 

- W1f3 r ) = m = p5 (. - V5f3 - 
r 

r 

Momentum 

+ P1 = mu5 + P5 1 

u f   + v   = u f   + v  
3r 1 3r 5 

f  f 

U 1 r  A + w  1 = u   5 r  3 J , + w  5 

2 1 2 5 2yRT 2yRT 
u 2 + v 2 + w   + - = u 2 + v 2 + w  +- 

1 1 1 y - 1  5  5  5 y - 1  

(3.24) 

(3.25) 

(3.26) 

(3.27) 

(3.28) 

TO a v o i d   d i f f i c u l t y   a s   t h e   s h o c k   s t r e n g t h  becomes  weak, t hese   equa t ions  were 
rearranged i n  r e f e r e n c e  3 t o   y i e l d   t h e   f o l l m i n g   t h r e e   g o v e r n i n g   e q u a t i o n s :  

and 
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where 

These   th ree   equat ions  are u s e d   t o   p r o v i d e   s o l u t i o n s   f o r   u ,  v, and f r   i n   t h e   p l a n e  
of  symmetry. To determine p and T, equations  (3.25)  and (3.28)  must be used. 

The asymmetric shock   condi t ions  a re  developed when each   of   these   equat ions  i s  
d i f f e r e n t i a t e d  twice a l o n g   t h e   s h o c k   s u r f a c e   w i t h   r e s p e c t  t o  J,, and  then  J, i s  se t  
e q u a l   t o  0 t o   r e f l e c t   c o n d i t i o n s   i n   t h e   p l a n e   o f  symmetry.  In t h e   p l a n e  (I, = 0, t h e  
f i r s t   d e r i v a t i v e s   w i t h  respect t o  J, of a l l  va r i ab le s   and   shock   su r f aces   van i sh   w i th  
the  except ion  of  w . A d e t a i l e d   d e s c r i p t i o n  of t h i s   d e r i v a t i o n  w i l l  h e   g i v e n   f o r  
shock  equation  (3.2$). 

L e t  

A = ( U  - u 1 ) f 3  + v - v = 0 
5 5 1 r 

The de r iva t ive   a long   t he   shock   su r f ace  

The f i r s t   d e r i v a t i v e   w i t h   r e s p e c t   t o  @ 

a A  a A   a A  - a ( I , = a x f 3  + - =  
a(I, Axf + A 

(I,  (I, 
(I, 

The s e c o n d   d e r i v a t i v e   t h e n   y i e l d s  

Note  immediately t h a t   t h e   f i r s t  term i n  
(I, = 0, s i n c e   t h e   f a c t o r  f vanishes .  

3J, 

x = f ( r  , (I,) w i t h   r e s p e c t   t o  (I, is 
3 

i s  

t h i s   e x p r e s s i o n  w i l l  v a n i s h   i n   t h e   p l a n e  
'Ihus, t h i s  term w i l l  not  he  expanded 

f u r t h e r .  Working  only  with  the  second term, then 

a 
a+ (Axf 3+ + "(I,) = A  x+ f 3+ + A f   x 3  
- + A  

(I,@ J,@ 

Again, t h e   f i r s t  term o f   t h i s   e x p r e s s i o n  also v a n i s h e s   i n   t h e   p l a n e  J, = 0. 
T h e r e f o r e ,   i n   t h e   p l a n e  (1, = 0 

a A  
2 
" 

aJ,2 - Axf3 + A 
JIJ, J,J, 
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Expanding  and A y i e l d s  $4 

A = u  f + u f  
x 5x 3r 3 rx  

- 

A = U  f + u f  
3, '(I, 3r 

- 
5 3  

r(I, 

u f 3  - u €  + v   - v  
' x  r 3 rx  5x lX 

u1 €3 - u f   + v   - v  
3 , r  r3, 3, 3, 

1 3  5 1 

A = u5 f 3  + u  € + u  € + u f  
$3, r $ r3, 3, r$  r3, 3, 0 r 

5 3  5 3   5 3  - u1 €3 

+ u 1  € 3  - *1 €3 
- u f   + v  

1 3  5 1 
- v  

3, r$ (I, r3, r3,4 $3, 3,$ 

In   t he   p l ane  3, = 0 

A = u  f - U  f + v   - v  
x 5x 3r l x  3r 5x lX 

and 

A = u5 f 3  + u f  - u  f - u f  + v   - v  
5 3  1 1 3  5 1 

44 3,$ r r$$ $3, 3r r 3, 3, 3,$ $3, 

Therefore  

+ u €  5 3  
- u1 f 3  - u1f3  

r3,3, $$ r r$3, 

The ba r  ( -  ) and t i l d e  ( " 1  over  
Thus, the  asymmetr ic   vers ion of 

" 

(G5xz3r - U l x f 3 r  + v5x - G1x)z3 
- 

symbols  denote  values i n   t h e   v e r t i c a l   p l a n e  3, = 0. 
equation  (3.29) becomes 

By a similar method,  equation  (3.30) becomes 

(3.33) 

18 



where 

and  equation  (3.31 ) becomes 

-2 

2yR [ y ,  + T1)(l + 34 + 4yRT,(F3!3r + $) 
(3.34) 

where 

and 

Q i = u  - v f  i i 3  (i = 1 ,5 )  
r 

3.2.2 Asymmetric ana lys i s . -  The three-dimensional  geometry of the shock coales- 
cence is desc r ibed  by ske tch  D, and   t he   geomet ry   i n  the p lane  (I, = 0, by ske tch  E. 

R e s u l t a n t   s h o c k  

-4 

C o n t a c t  

I s e n t r o p i c  
s h o c k  or 

e x p a n s i o n  

s u r f a c e  

Sketch D 

19 



%& _”” h 

fl 

f2 
\ 
f4 

Sketch E 

Incoming  shock  waves  x = f ,  (r,(I,) and x = f2 ( r , ( I , )   coa le sce   t o  form the   fo l lowing  
system:  resul tant   shock wave x = f (r,(I,), s l i p s t r e a m  r = h(x,(I,),   and a weak 
( i s e n t r o p i c )  wave of t h e   o p p o s i t e   f a k l y  x = f ( r ,+) .  This r e s u l t s   i n   f i v e   s u r f a c e s  
i n t e r s e c t i n g   a l o n g   t h e   l i n e  x = X(+), r = R((I,f .  Taking   the   second  der iva t ive   a long  
e a c h   o f   t h e   i n t e r s e c t i n g   s u r f a c e s   w i t h   r e s p e c t   t o  (I, a n d   s e t t i n g  (I, e q u a l   t o  0 
y i e l d s  

X = f j R + f  
u - u  N 

r j 

R” = hx? + h” 

(3.35) 

(3.36) 

Along t h e   s l i p s t r e a m   s u r f a c e  r = h(x , ( I , ) ,   p ressures   and   f low  d i rec t ion  on e i t h e r  
s i d e   a r e   t h e  same. Thus, 

P4  = P5 

where A is  the  normal t o  t h e   s l i p s t r e a m   d e f i n e d  by 

A ?  A 

n = 7 - h x i - h  4 
(I,r 

The e q u a t i o n s   f o r   f l o w   d i r e c t i o n   a t   t h e   s u r f a c e  h become 

h 

1 x  i i r  -u.h + v - w A =  0 (i = 4, 5 )  

20 



Second d e r i v a t i v e s   a l o n g   t h e   s l i p s t r e a m   s u r f a c e   w i t h  respect t o  J, are c a l c u l a t e d  by 
us ing  

" a2 a a 2  - h  - 
J,J, a r  + -  

a n d   t h u s   t h e   p r e s s u r e   e q u a t i o n   y i e l d s  

P4,h + P4 = P5,G + ;5 
- N  .., 

and  the  f low  equat ions 

- "  - N -  " N L4i; 
-u h h + v   c - u h   - u 4 h X + v  - - = O  

4 r  X 4r 4 x  4 r 

(3.37) 

(3.38a) 

The th ree   shock   equa t ions   fo r   t he  asymmetric q u a n t i t i e s   ( e q s .   ( 3 . 3 2 )   t o   ( 3 . 3 4 )  were 
d e r i v e d   i n   t h e   p r e v i o u s   s e c t i o n   a n d   a r e   v a l i d   f r o m   r e g i o n s  1 t o  5 across   shock f . 
To c a l c u l a t e  T behind  the  shock,   the   or iginal   energy  shock  equat ion  (eq.   (3 .28)  7 
may be   used .   Taking   the   second  der iva t ive   o f   th i s   equa t ion   wi th  respect t o  (I, and 
s e t t i n g  J, e q u a l   t o  0 y i e l d s  

" " b;5;5, - 2u u + 2v v - 2v v + 
1 1, 5 5, 1 1 ,  y - 1  (%, - Q p 3  

+ k5G5 - 2u u + A2 - 2w + 2v v - 2v v 
-.., A2 - u  " 

1 1  5 1 5 5  1 1  

+ (y  - 4% - el)J = O 

TO compute i5 a c r o s s   t h e   s h o c k   f 3 ,   t h e  method i n   r e f e r e n c e  2 is used - 
N N d *'sh 2 2 

2 R  1 
s5 = s1 - (s5 - El ) I ,  + - - - M s i n  @ 

X X *I , n  

(3.39) 

(3.40) 
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where is the jump i n   e n t r o p y  across t h e  shock, 
AS s h  

(;1 - G 1 f' 3, )2  3 -2 - 
-2 - 4  

1 + f3r   a1 

and 

d *'sh 
2 R 
" 

m~ , n  

From t h e   r e l a t i o n  

Y - 1  
- 2  
M s i n  p (y - 1 )  + 1 

2 
1 3 

d S = c  - - R- dT dP 
P T  P 
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one   ge t s  

This e q u a t i o n   c a n   t h e n   b e   u s e d   t o   g e t  p i n   r e g i o n   5 ,   o r  
N 

(3.41) 

For   the  examples  shown i n   t h i s  paper, t h e   s u r f a c e  x = f ( r ,+)  is  an  extremely weak 
( i sen t ropic)   shock   or   expans ion  wave a c r o s s   w h i c h   t h e   v a r i a b l e s  are  near ly   cont inu-  
ous. We t h e r e f o r e   i n t r o d u c e   t h e   a p p r o x i m a t i o n s   t h a t  

4 

v3 = v4 

P3 = P4 

s 3  = s4 

A A 

w3 = w4 

Taking   the   second  der iva t ives   o f   the   above   re la t ions   a long   the  weak s u r f a c e   f 4  
y i e l d s   t h e   f o l l o w i n g   f i v e   e q u a t i o n s :  

N N .-4 

ii3 f 4  + u3 = ii4 f 4  + u4 
.-4 

X X 

v f" + v "  = v  f" + j :  
- - 

3x 4 3 4, 4 4 

P3,F4 + P3 = Pqxf"4 + ;4 
u 

E,xF4 + su3 = E4,f"4 + s4 
N 

N 

?3 j?4 + T3 = ?4 f 4  + T4 N 

X X 

(3.42) 

(3.43) 

(3.44) 

(3.45) 

(3.46) 
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and   t he   fo l lowing   equa t ion  i s  r e t a i n e d   f o r  w: 

* n 

w3 = w4 (3.47) 

%e uFnown_s i n - t h e   $ s y m m ~ t r i c N s y s t ~ m  ar5 X, R, f 3, f 4, h, f 3 , hx, 
u4, ~ 4 ,  w4, T4, S4r  p4, U5r ~ 5 ,  W5l T5r S5 , and  p5.  The e q u a t i o n s   v a l i d  
i n   t h e   s y s t e m  are t h e   f i v e   i n t e r s e c t i o n   e q u a t i o n s  (eqs. (3.35)  and  (3.3611, t h e  two 
slipstream equat ions  (eqs. (3 .37)   and   (3 .38a) ) ,   the   s ix   shock   equat ions  (eqs. (3.32) 
t o  (3.34)  and  (3.39) t o  (3 .41 ) ) ,   and   t he   s ix   con t inu i ty   equa t ions   f rom  r eg ions  3 t o  4 
(eqs. (3.42) to   (3 .47) ) .   There  are 19 unknowns and   19   equa t ions   fo r   t he   sys t em.  The 
system i s  closed. The slipstream flow  equat ion (eq. (3.38b) ) has  been  discarded 
because   o f   the   cont inui ty   approximat ions  made a c r o s s   f 4 -  It is  f o u n d   t h a t   t h e  
approximation  of   cont inui ty   descr ibed  above  yields  a r ap id ly   conve rg ing   so lu t ion  
whenever I (P4/P3) - 1 I < 

- N e .  N N N  N 

N 

When I(p4/P3) - 11 > 10 , it  is  necessary t o  t reat  f 4  as a f i n i t e  shock o r  
-5 

expansion.   I f   f4  i s  a shock ,   then   the  complete se t  of  shock  equations (eqs. (3.32) 
t o  (3.34)  and  (3.39) t o   ( 3 . 4 1 ) )   i n s t e a d  of equa t ions   (3 .42 )   t o  (3.!7), are  app l i ed  
from  regions 3 t o  4, equation  (3.38b) i s  used,  and a new unknown f4, i s  introduced.  

The system  then  contains  20 equat ions  and 20 unknowns. I f  f is a f i n i t e   e x p a n s i o n  
wave, t he   appropr i a t e   i s en t rop ic   expans ion   equa t ions  are used. 

3.2.3 Asymmetric solut ion  process . -   For   the  incoming  shocks f ,  and f 2 ,   t h e  

N 

values  of f l r 1  f 2 , r  F l l  F21 f l r r  and f 2 r  are a l r eady  known from t h e  MMOC 
N - - 

program.  Equation  (3.35)  can  be  applied t o  shock   sur faces  1 and 2 t o   s o l v e   f o r  

and 

: = r ,  R +  Zl r 

(3.48) 

(3.49) 

Knowing x" and E, equations  (3.35)  and  (3.36) may b e   a p p l i e d   t o  shock s u r f a c e s  3 
and 4 t o   s o l v e   f o r  

Fj = x  - f j  E N "  

r Cj = 3 ,  4 )  (3.50) 

and 

h = R - h,X 
N u - u  

(3.51) 
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where f , f , and h are known f rom  the  axisymmetric so lu t ion .   S ince   eve ry  

t h i n g  i s  known i n   r e g i o n   1 ,  a l l  bar ( - )  q u a n t i t i e s  a re  assumed k n y n ,   a n d   f 3  i s  now 
kncwn, then  equat ion  (3 .33)  may he  immediately used t o  s o l v e  for  w5; i.e., 

3r  4r X 
N 

S i m i l a r l y ,   s i n c e  a l l  q u a n t i t i e s   i n   r e g i o n  3 are  known, equations  (3.42) t o  (3.46) may 
be s o l v e d   f o r   t h e   t i l d e  ( " )  variables i n   r e g i o n  4. ( I f   equa t ion   (3 .47)  i s  t e s t e d   a n d  
t h e  shock  equat ions a re  needed a t  f4 ,  a double  i t e r a t i o n  procedure i s  used t o  deter- 
mine a n  a d d i t i o n a l  unknawn f4, .) These   quan t i t i e s  a re  

N 

N - N  N 

u4 = u3xf 4 + u3  - U4,f4 
- N  

u " u 

v4 = v3xf 4 + v 3  - v4,f4 
- N  

u " u 

P4 = P3,f4 + P3 - P4,f4 
" 

N - N  ... 
T4 = T3,f 4 + T3 - T4,f4 

- A ,  

u 

s 4  = S3,F4 + g 3  - S4,f4 
" 

(3.53) 

(3.54) 

(3.55) 

(3.56) 

(3.57) 

To s o l v e   f o r   t h e   o t h e r   t i l d e  ( " )  v a r i a b l e s   i n   r e g i o n   5 ,   a n   i n i t i a l   g u e s s  i s  made 
f o r   t h e   v a l u e   o f  

3r  
u 

f 3  
u = I / 2 f l r  + '..) 

r 

Equations  (3.32)  and  (3.34) are then  used t o  solve f o r  u5  and v5 
u N 

where 

N N L1 - G5 
u = u  + - 5 1 f 

3 r  

(3.59) 

" 

L = v f  +(; - v  f - - - .  

3 'r 5x 5x 3r 

25 
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L1 = v1 + ( u1 - i5) "f3, + c(;1 x - ;5.) z3, + v1 x - v5, f3 - 1- N - 

B = B  - B  + B  + B  
5 4 3 1 2 

B, = 2y(l + ;:.)t1:3 N + G , )  

Q, = U 1  - v f  
'r 

N 2w € 

3 l X  3r 3 
X 3r 3r 

" - N N -   - N  

Q 1 = u l f  - V  7 f" + u l - v f   - v f  -- 1 3  
r 

Using equation  (3.391, T5 may be  obtained a s  
u 

u 

T5 = T1 - [(-)('1'3 -k '2)] 

u 

where 

" 

Y l  = u5u5 - u u 
" " 

+ v5v5 - vlvl  + ( y  - r ) j T s X  - Fix) " Y 
1 1  

X X X X 

= u u  " U U  + w  - G 2 + v v  " V V  
42 5 5 1 1  5 1 5 5  1 1  

- N   - N  - N  " -2 
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Equation  (3.40) is  used t o   s o l v e   f o r  S5, and  equat ion  (3 .411,   for  &. The e r r o r   i n  
t h e   i t e r a t i o n  i s  eva lua ted  by using  equat ion  (3 .37)  

N 

- 
Error(N) = ( p4 - P5 )K + G4 - P5 N 

r r 

A new guess f o r  z3r i s  made, f o r  example, 

and a l l  var iab les   f rom v5 forward are  r e c a l c u l a t e d   w i t h   t h e  new f3,. From t h e  
v a l u e s   f 3 , ( 1 ) ,   e r r o r  ( 1  1, f3r  ( 2 ) ,  a n d   e r r o r  ( 2 1 ,  a s t r a i g h t   l i n e   a p p r o x i m a t i o n  i s  

used   t o   de t e rmine   t he  new 

N N 

N N 

-, 

3r  

The process  i s  r e p e a t e d   u n t i l  

mror (M)  < E 

where E i s  a p r e d e t e r m i n e d   e r r o r   c r i t e r i o n .  For the  examples  shown, even i f  E i s  

t ion   (3 .38h)  i s  u s e d   t o  calculate  hx. 
convergence  occurs   within  f ive  i terat ions.   After   convergence,   equa-  

u 

hx = :(G5 1 hxK + v5 h - i5hx + v - N  N 

U 5 r 
5 r  r 

I f   the   shock   equat ions  a re  used a t  f4 ,  then  equat ion  (3 .38a)  i s  used   t o   check  
convergence 

- - N  - N N -  

-U h h + v4 h - u4hx -. u4hx + V 4  - - 0  
- N  N 

" 

4 x  r 
r r 

(3.61) 

The s o l u t i o n  process f o r   t h e  asymmetric equat ions  is  summarized i n   t h e   f l o w  
c h a r t  shown on the next  page. The s o l i d   l i n e s   o n   t h i s   c h a r t   r e p r e s e n t   t h e  case i n  
which  the wave f4 i s  so weak t h a t   c o n t i n u i t y  may be assumed f o r   u ,  v, p, T, S, 
and w. The d a s h e d   l i n e s  are used t o  r e p r e s e n t   t h e   d o u b l e   i t e r a t i o n   p r o c e d u r e   w h i c h  
must  be  used when the   shock   equat ions  are used a t  f4.  In t h a t  case, 
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Use  eqs. (3.4-8 Lo 3,511 
to  calculate X, R ,  f 3 ,  f 4 ,  and Fi 

to solve f o r  ts 5 

modified to 
solve fo r  G "I 

I 
I 

t I 
Use  eqs. ( 3 . 5 3  to 3.57)  

" N  

to calc_ulate (3 .401 ,  and (3 .41)  mokified  to 
U4' V4' P4'   T4 '  and 3 calculate ii 

between  regions 3 and 4 

JI 
Use eys. (3 .58  to 

13.601,  (3.401, and (3 .41 )  I 

Gues-s 
new  f 

. 3L- 

Calculate Xx 
with  eq. (3 .61)  complete 

.) yes 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

complete new f 
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equat ions  (3 .53)  t o  (3.57)  must be replaced  by  equations  comparable t o   e q u a t i o n s  
(3.52)',  (3.58) t o  (3.601, (3.401,  and  (3.41)) t o   s o l v e   f r o m   r e g i o n s  3 t o  4. 

4. SPATIAL DERIVATIVES NEEDED FOR ASYMMETRIC SOLUTION 

4.1 Spatial  Der iva t ives   in   Regions  4 and 5 

The  system  of  equations  for  nonaxisymmetric  shock  coalescence  (eqs.   (3.24) 
t o  (3.47) ) is  a c losed   sys t em  wi th   t he   a s sumpt ion   t ha t  a l l  spa t ia l  d e r i v a t i v e s   o f  
u, v, p, and T are known. The  method u s e d   t o   o b t a i n  these d e r i v a t i v e s   i n  
reg ions  4 and 5 i s  now explained.  

In   reg ion   5 ,   the   fo l lowing   four   govern ing   f low  equat ions  are va l id :  

x-Momentum 

" -  
p5u5uSx + p v u + T p = 0 

- "  " 

5 5 5r 5x 

r-Momentum 

Cont inui ty  

" -   " -  - "  
P5T5U5x + p T v - u p T - v p T 

" -  
5 5 5r 5 5 5x 5 5 5r 

- "  
+ u T p  5 5 SX + v T p  5 5 5r = - - F 5 + G 5 )  r 

" -  

-2- - 
u T u   + u v v   + u v u  + G 2 G  + y u ' f  + y v ? '  - "   " -  " 

5 5 5x 5 5 5x 5 5 5r 5 5 r  y - 1  5 S X  y - 1 5 5r = gv5 

(4.3) 

(4.4) 

Because of the   weakness   o f   the  wave between  regions 3 and 4 a n d   t h e   c o n t i n u i t y  
assunpt ion  made, does   no t  appear as an  unknown i n   t h e  system. We t h e r e f o r e  

app ly   on ly   t h ree   f l ow  equa t ions   i n   r eg ion  4 - t h e  two momentum equat ions   and   the  

f 4 r r  
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con t inu i ty   equa t ion .  l 'be energy  equat ion is  used  only as a check f o r   t h e   c o n t i n u i t y  
assumption. !&e e q u a t i o n s   i n   r e g i o n  4 are 

" -  " -  
p4U4U4x + p v u + T p = 0 

" 

4 4 4r 4x 

" -  " -  
+ P V V  + R ? p  

= - g p 4  
" 

4 4 4r 4r 

p 4 T 4 U 4 x + p T V  - U p T  - V p T  + u T p  4 4 4 r  4 4 4x 4 4 4r  4 4 4x 

PqT4 
" 

+ v T p  = -?p4 + G4) 
" -  

4 4 4  r 
(4 .7 )  

The o t h e r   e q u a t i o n s   n e e d e d   f o r   t h i s   s y s t e m   a r e   d e r i v e d  by u s i n g   t h e   p r i n c i p l e  
t h a t   t h e   t a n g e n t i a l   d e r i v a t i v e s  of t he   shock   conse rva t ion   cond i t ions   ac ross  a wave 
are continuous  and a theory  developed by Lin  and  Rubinov i n   r e f e r e n c e  21, which  shows 
t h a t  i f  t he   cu rva tu re   o f  a shock i s  known, t h e n   t h e   s p a t i a l   d e r i v a t i v e s  of the  hydro- 
dynamical   propert ies   behind  the  shock  can  be  found.  

Looking f i r s t   a t   t h e  weak  wave f4 ,  i t  h a s   a l r e a d y   b e e n   e s t a b l i s h e d   t h a t   t h e  
p rope r t i e s   u ,  v, p, T, and S a r e   c o n t i n u o u s   a c r o s s   t h i s  wave f o r   t h e   c a s e  con- 
s i d e r e d .  The t a n g e n t i a l   d e r i v a t i v e   a l o n g   t h e  wave x = f 4 ( r )  is  

a 
ax - ( I f 4  + - a 

r a r  

For  each of t h e   p r o p e r t i e s ,   t h e n ,   t h e   f o l l w i n g   e q u a t i o n s   h o l d :  

u f + u  = u  f + u  
4x 4r  4r 3x 4r 3r 
" - " - 
v f + v  = v  f + v  
4x 4r 'r 3x 4 r  3r 
" - " - 
P4 f 4  + P4 - P3 f 4  + P3 - 

x r  r x r  r 

(4 .1 1 )  
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From t h e   c o n d i t i o n s  a t  t h e   s l i p s t r e a m  

- " - " 
P4 + P4 hx = P5 + P5 hx 

X r X r 

and   f rom  the   condi t ions   o f   f low  on   e i ther   s ide   o f   the   s l ips t ream 

" 

u h + G E  - v  + E  ~ 2 - ~ 4 ~ x = 0  
- 

4 x  4 xx 
X 4x 4 x  r r 

- -  - 
u h + c5KXx - v + u s2 - G5 Ex = 0 

- 
5 x  
X 5 x  r r 5 x  

The rema in ing   equa t ions   i n   t he  system are   der ived   f rom  the   fo l lowing   four   shock  
equat ions:  

Cont inui ty   of  mass 

p1T2Q1 = p2T1Q2 
- "  " _  

r-Momentum 

- F5 - Gl)f3 + v - v = 0 
- 

5 1 r 

(;s + i1)F5 - il) + (G5 + G1)F5 - G1) + f 5  + G,)( j5  - jl) 

2yR(T5 - .,) 
+ 

Y - 1  
= o  

(4.1 2) 

(4.1 3) 

(4.14) 

Combination  of a l l  shock  equations 
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T a k i n g   t h e   t a n g e n t i a l   d e r i v a t i v e   o f   e a c h   o f   t h e s e   e q u a t i o n s   a l o n g   t h e   r e s u l t a n t  
shock f 3  y i e lds   t he   fo l lowing   fou r   equa t ions :  

- " " _  (i1G5jl - p5 T1Q5 - P T u + P T v 
" _  

X 5 1 5x 5 1 5 x r  ? 3 ) ? 3  r 

" - " " -  " _  - 
+ p T   Q 5 - P 1  T5G1 - p T u   + P T v  + p T v f  

"" 

l r  r 1 5 l r  1 5 l r f 3  1 5 1 3rr  r 

- -  j g 3  + U5rf3 r  + u f 
" - 

+ v  
5x r 3rr 5r 

- - 2  - " " 

- u f 3  + v f 3  + u1 f 3  + u f   + v  
" - 

'x r ' x  r r r  3rr l r  

" " 

f 5 i 5 x  
" U U  + v v  " V V  +"---- " 

y T -- 
1 l X  y - 1  5x y - 1  l X  II 

l x   5 x  Y 3  

" " " 

+ u u  " U U  + v v  " V V  
" + L T 5  - Y F  = o  

5r l r  5r 
1 l r  y - 1  Y - 1  l r  

- ( y  - 1 )  2Q1 
" 

r r  

(4.1 5 )  

( 4 . 1 6 )  

(4 .1  7 )  

(4 .1  8) 

3 2  



I f  i t  i s  assumed t h a t  a l l  q u a n t i t i e s   i n   r e s i o n s  1 and 3 are  known. t h e n   t h e  
unknowns i n   t h e   s y s t e m  are  u , v , p4 , T , u , v , p4 , T4 , - - - - - - - - 

4x 4x X 4x 4r 4r r r ~ ~ - - - - - - 
u5 , v5 , p5 , T~ , u5 , v5 , p5 , T~ , t h e   c u r v a t u r e  of t h e   s l i p s t r e a m  hxx, 

and   t he   cu rva tu re  of t h e   r e s u l t a n t   s h o c k  f . This system of 18 l i n e a r   e q u a t i o n s  

i s  c losed   and   has  18 unknowns. A m a t r i x   s o l u t i o n  of this sys tem  y ie lds   the   needed  
spat ia l  de r iva t ives   fo r   t he   sys t em  o f   equa t ions   (3 .24 )  t o  (3.47).  

X X X X r r r r 

3r r 

4.2 S p a t i a l   D e r i v a t i v e s   i n   R e g i o n s  1 and 3 

For t h e   s p a t i a l   d e r i v a t i v e s   i n   r e g i o n s  4 and 5 t o  be found, i t  i s  n e c e s s a r y   t h a t  
they   be  known i n   r e g i o n s  1 and 3. By t h e   u s e   o f   c h a r a c t e r i s t i c   e q u a t i o n s   a n d  some 
difference  methods,  some o f   t h e s e   h a v e   a l r e a d y   b e e n   c a l c u l a t e d   i n   t h e  MMOC program. 
In   r eg ion  1, a l r e a d y   a v a i l a b l e  are  u v and Sx. 

- - - 
X' X, 

Once i t  h a s   b e e n   d e t e r m i n e d   t h a t   a n   i n t e r s e c t i o n   o c c u r s   b e f o r e   t h e   n e x t  C 
c h a r a c t e r i s t i c ,   t h e n   t h e   c h a r a c t e r i s t i c   s u b r o u t i n e  i s  c a l l e d  a s  i f   t h e  shock were n o t  
there .   Data   po in ts  I and 3 (see s k e t c h   F )   a r e   u s e d   t o   c a l c u l a t e   t h e   l o c a t i o n  of 

- 

c- (1-1) 

Sketch F 

p o i n t  2 and a l l  v a r i a b l e s  a t  p o i n t  2. A s t r a i g h t   l i n e   i n t e r p o l a t i o n  i s  made a long  
C- between  points  1 and 2 t o   g e t  a l l  va lues  a t  X e  o n   t h a t   c h a r a c t e r i s t i c .  Another 
i n t e r p o l a t i o n  i s  made a long  d between  points  2 and 3 t o  g e t   v a l u e s   a l o n g   t h i s  
c h a r a c t e r i s t i c  a t  X e .  Values a t  ( X e , R e )  ahead of t h e   f i r s t   s h o c k  a re  then  found by 
in te rpola t ing   be tween Ra and Rb t o  g e t   v a l u e s  a t  R e .  Values of iir and isr 
a r e   e s t i m a t e d   i n   r e g i o n  1 a t  ( X e , R e )  by a simple d i f fe rence   equat ion   be tween R a  and 
Rb. 

u =  
- ua - ub 
r R a - R b  

(4.19) 

- va - vb 
r Ra-Rb v =  (4.20) 
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With   these   va lues  of 8, and 3, a n d   t h e   v a l u e s   o f  u vx: and Sx a l r eady  
provided by t h e   c h a r a c t e r i s t i c  program,  other spa t ia l  d e r i v a t l v e s   I n   r e g i o n  1 are 
c a l c u l a t e d   i n   t h e   f o l l o w i n g  manner. From t h e  x-momentum equat ion ,  

- 
x! 

- 

- 1 - "  
P1 = -(; - 1 u 1 ;; l X  - P1VlUlr) 

x T1 

From t h e   e n t r o p y   e q u a t i o n ,  

From t h e  r-momentum equat ion ,  

- 1 
R? ( "1 - "  

P = -  -gp - p u v  - p v v  

1 

" -  
l r  

1  1 Ix 

and   f rom  the   con t inu i ty   equa t ion ,  

(4.21) 

(4.23) 

Equat ions   (4 .21)   to   (4 .24)  along w i t h   t h e   d e r i v a t i v e s   a l r e a d y   p r o v i d e d   d e f i n e   a l l  
s p a t i a l   d e r i v a t i v e s   n e e d e d   i n   r e g i o n  1 t o   d e t e r m i n e   t h e   s o l u t i o n   i n   r e g i o n s  4 and 5. 

- - - - - - - 
The s p a t i a l   d e r i v a t i v e s  u 

X' 
U ' VXI Pxl Pr I Tx' and Tr are a l so  needed 

i n   r e g i o n  3 t o  provide   in format ion  fo r  t h e   s o l u t i o n   i n   r e g i o n s  4 and 5. The va lues  
f o r  ii i~ - - - 

x' r' x' r' V v and Sx a re  provided by t h e  MMOC program  using  the  char-  

a c t e r i s t i c  equat ions  behind  the  second  shock.  (See s k e t c h  G.) 

Shocks 1 

Sketch G 
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x-Momentum 

P3 - = - 1 (-c3i3c3 - P3v3u3r) - "  

x T3 
X 

r-Momentum 

P3r = < (-gP3 - P 3 3 3 x - p v v  u  v 
3 3 3') 

Entropy 

- 
T3 = Y X 

Cont inui ty  

- T3 = i(?3F3;3 + " _  T3p3V3 + T3P3  w3 

r p3v3 X r 

" -  " _  " -  
+ u T p   + v T p  

X 
3 3 3   3 3 3   - U P T  + 3 3 3  r 

r X 

(4.25) 

(4.26) 

(4.27) 

(4.28) 

Equations  (4.25) t o  ( 4 . 2 8 )   a n d   t h e   d e r i v a t i v e s   p r o v i d e d   b y   t h e   c h a r a c t e r i s t i c s  
i n   t h e  MMOC program are  u s e d   t o   d e t e r m i n e   t h e   r e q u i r e d   s p a t i a l   d e r i v a t i v e s   i n  
reg ion  3. There i s  n m   s u f f i c i e n t   i n f o r m a t i o n   a v a i l a b l e   f o r   t h e   l i n e a r   s y s t e m   i n  
r eg ions  4 and 5 t o   d e f i n e   a l l  1 6  spa t i a l  de r iva t ives   needed   t he re .  

5. PROCEDURE  FOR C O M B I N I N G  COALESCENCE  WITH MMOC PROGRAM 

5.1 Estahl ishing  Point   of   Coalescence 

I n   t h e  MMOC program,  calculat ions are  performed  from  the bow shock   a long   the  C- 
c h a r a c t e r i s t i c   u n t i l   e i t h e r   t h e  l a s t  d a t a   p o i n t   o n   t h e   p r e v i o u s   c h a r a c t e r i s t i c  i s  
reached or u n t i l   t h e   i n i t i a l   d a t a   l i n e  i s  in t e r sec t ed .   (See   ske t ch  H.) The embedded 
shocks are e i t h e r   i n c l u d e d  a s  i n p u t ,  o r  else they   occur   dur ing   computa t ion  when char -  
acter is t ics  o f   t h e  same family cross each   o ther .  'Ihe program  keeps  t rack of t h e  
loca t ion   o f   each  embedded shock,  and when each  i s  reached,  a separate r o u t i n e  i s  used  
t o  c a l c u l a t e   t h e   s o l u t i o n .  ?he embedded  shock  rout ine  uses   the  shock  equat ions  and 
t h e   c o m p a t i b i l i t y   e q u a t i o n   a l o n g   t h e  C+ c h a r a c t e r i s t i c   f r o m   t h e   p r e v i o u s  C- 
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/ A- Embedded shocks 

Sketch H 

c h a r a c t e r i s t i c  t o  de te rmine   t he   so lu t ion   j u s t   beh ind   t he   shock .   (See   ske t ch  I. 1 
These equa t ions   de t e rmine   t he   shock   pos i t i on ,   s lope ,   cu rva tu re ,   and  a l l  v a r i a b l e s  
hehind   the   shock .  

\ Embedded shock 

Sketch I 

The  program  monitors  the  location of a l l  shocks,   and when they  are close t o   e a c h  
o t h e r ,  a tes t  i s  made t o  see i f  t h e y   c r o s s   e a c h   o t h e r   b e f o r e   t h e   n e x t   c h a r a c t e r i s t i c  
l ine .   This  t e s t  invo lves  a s t r a i g h t   l i n e   e x t r a p o l a t i o n  of both s h o c k s   t o  estimate 
t h e i r   i n t e r s e c t i o n   p o i n t  X e  and a n  estimate of t h e   p o i n t  X I  a t  which t h e   f i r s t  
shock   c rosses   the   next  C- c h a r a c t e r i s t i c  as  shown i n   s k e t c h  J. If X e  i s  less 
than  X I ,  c o n t r o l  i s  passed  to t h e   c o a l e s c e n c e   r o u t i n e   w i t h  a l l  d a t a   o n   t h e   I - l t h  
c h a r a c t e r i s t i c  known a n d   t h e   d a t a  a t  p o i n t s  1 , 2, and 3 held.  
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Sketch J 

The   fo l lowing   s teps  a r e  then   t aken  t o  d e t e r m i n e   t h e   i n t e r s e c t i o n   p o i n t  ( X e , R e )  
(see ske tch  K ) :  

- 
C 

Sketch K 

( 1  ) In t e rpo la t e   be tween   da t a   po in t s  1 ,  2, and 3 t o  (yet v a l u e s   f o r  a l l  v a r i a b l e s  
j u s t   a h e a d   o f   t h e   e s t i m a t e d   i n t e r s e c t i o n   p o i n t   i n   r e g i o n  1.  

( 2 )  Use t h e   r e s u l t s   o f  step 1 as d a t a   j u s t   a h e a d  of the   shock .  Call the   subrou-  
t i n e  of t h e  MMOC program  which f i n d s  embedded shock   so lu t ions .  This subrou t ine   g ives  
a loca l   va lue '   o f  $; a t  X e  a n d   t h e   v a l u e s   o f  a l l  t h e   v a r i a b l e s   j u s t   b e h i n d   t h e  
f i r s t  shock. 

( 3 )  Take t h e   v a l u e s  of a l l  variables behind  shock 1 as t h e   v a l u e s   i n   f r o n t   o f  
shock 2. Call t h e  embedded shock   subrout ine  t o  g e t   t h e   s h o c k   s o l u t i o n .   ? h i s   g i v e s  a 
va lue   o f  p i  and   t he   va lues   o f  all v a r i a b l e s   i n   r e g i o n  3 a t  t h e   i n t e r s e c t i o n   p o i n t .  
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( 5 )  Repeat steps 1 t o  4 u n t i l   t h e   a d j u s t e d   v a l u e s  of change less t h a n  
some error c r i t e r i o n  E .  General ly  it i s  f o u n d   t h a t   o n l y   t h r e e  or  f o u r   i t e r a t i o n s  
are necessa ry   w i th   t he  error c r i t e r i o n  on t h e  order of  

'new 

When t h e   a b o v e   i t e r a t i o n   h a s   c o n v e r g e d ,   t h e   l o c a t i o n   o f .   t h e   c o a l e s c e n c e   p i n t  
( X e , R e )  has   been  determined.  Also known are t h e   v a l u e s  of t h e  variables i n   r e g i o n s  1 
and   3 ,   the   loca l   shock   angles  p1 and p2, a n d   t h e  l oca l  cu rva tu res  f l  and f 2  a t  
t h e   i n t e r s e c t i o n   p o i n t .  

u N 

5.2 Loca l   So lu t ion  

S i n c e   t h e   p i n t  of i n t e r s e c t i o n   a n d   t h e   d a t a   i m m e d i a t e l y   a h e a d   o f   t h i s   p o i n t  are  
knawn, t h e  spa t ia l  d e r i v a t i v e s   i n   r e g i o n s  1 and 3 can  now be found  by  the  method 
d e s c r i b e d   i n   s e c t i o n  4.2. The a x i s y m m e t r i c   s o l u t i o n   d e s c r i b e d   i n   s e c t i o n  3.1 i s  now 
performed.   This   solut ion  provides   values  fo r  t h e  variables U, v, p, G, and s 
i n  r eg ions  4 and 5. It also p r o v i d e s   t h e  local  slopes of f 3 1  f4 '  a n d   t h e  slope of 
t h e   s l i p s t r e a m  *h. %e a x i s y n m e t r i c   s o l u t i o n  i s  independent  of a n y   o f   t h e   t i l d e  
va r i ab le s   and  w, and i s  f o u n d   w i t h o u t   i t e r a t i o n   o n c e   t h e  pos i t i on  o f   i n t e r s e c t i o n  i s  
solved.  The l i n e a r   s y s t e m   d e s c r i b e d   i n   s e c t i o n  4.1 i s  so lved  for t h e  spa t i a l  der iva-  
t i v e s   o f   t h e   v a r i a b l e s   i n   r e g i o n s  4 and 5. There is now s u f f i c i e n t   i n f o r m a t i o n   t o  
perform t h e  asymmetric s o l u t i o n  as  d e s c r i b e d   i n   s e c t i o n  3.2. T h i s   s o l u t i o n   p r o v i d e s  
t h e   v a l u e s   f o r   u ,  v, p, $, and s i n   r e g i o n s  4 and 5 fo r  hx,  h, f 3r f 4 ,  
and  f3,.  The loca l  s o l u t i o n  i s  now complete. 

- "  - 

" N  N N " N 

N 

5.3 I n c o r p o r a t i o n   o f   S o l u t i o n   i n t o   C h a r a c t e r i s t i c  Network 

me r e s u l t a n t   s h o c k  f3 i s  e x t r a p o l a t e d   l i n e a r l y  upward t o   o b t a i n  a f i r s t  
approximation  of i t s  i n t e r s e c t i o n   p o i n t   w i t h   t h e   I t h  C- c h a r a c t e r i s t i c ,   a s  shown i n  
ske tch  L. Data a t  p o i n t s  1 and 2 a re  known f r o m   t h e   c a l c u l a t i o n   d e s c r i b e d   i n  

Sketch L 
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s e c t i o n  5.1 . A l i n e a r   i n t e r p o l a t i o n  is used t o  f i n d   t h e   v a l u e  of a l l  va r i ab le s   ahead  
of Xp ,  t h e   i n t e r s e c t i o n   p o i n t .  mom the   shock   equa t ions ,   t he   da t a   ahead   o f   t he  
shock a t  Xp ,  and   t he  C+ charac te r i s t ic   running   f rom  behind   the   shock  a t  Xp t o  
t h e   t o p   o f   t h e   s l i p s t r e a m ,  a s o l u t i o n  i s  found  €or 8; a t  X p .  ,33,new i s  calcu- 
l a t e d   u s i n g  (83  + &)/2, a n d   t h e   p r o c e s s  is r e p e a t e d   u n t i l  
be tween   i t e r a t ions .  ' 3, new does n o t  change 

The p o i n t  X p  and  the  data   immediately  behind  the  shock a t  Xp have now been 
determined. To r e t a i n   t h e   e f f e c t s  of t h e  data  below t h e   s l i p s t r e a m ,  a new C- char-  
ac t e r i s t i c  (see s k e t c h  M) i s  c a l c u l a t e d   f r o m   t h e   i n t e r s e c t i o n   p o i n t  ( X e , R e )  u s i n g   t h e  
data from  region 4. The c h a r a c t e r i s t i c   s u b r o u t i n e  i s  c a l l e d   w i t h   d a t a  a t  p o i n t s  1 

Sketch M 

and 2 t o   c a l c u l a t e   p o i n t  3, a t  p o i n t s  1 '  and 3 t o   c a l c u l a t e   p o i n t  4, and so  on, u n t i l  
the   end of t h e  data on t h e   I - l t h   c h a r a c t e r i s t i c  i s  reached. 

A t  t h i s   p o i n t ,  i t  i s  r e c o g n i z e d   t h a t   t h e   d i f f e r e n c e  i n  e n t r o p y   a c r o s s   t h e   s l i p -  
stream is extremely  small .  It i s  c o n v e n i e n t ,   t h e r e f o r e ,   t o   d i s r e g a r d   t h e   a c t u a l  
l o c a t i o n   o f   t h e   s l i p s t r e a m   a n d   t o   a l l o w   t h e   t a n g e n t i a l   d i s c o n t i n u i t y   t o  become 
smeared i n   t h e   r e g i o n  between C" and f3. The remainder   of   the  It! c h a r a c t e r i s t i c  
i s  now c a l c u l a t e d   u s i n g   d a t a   f r o m   t h e   i n t e r m e d i a t e   c h a r a c t e r i s t i c  C- . me e f f e c t s  
of t he   da t a   above   t he   s l i p s t r eam are  f e l t   i n   t h e   l o c a t i o n  of Xp and i n   t h e  da ta  
immediately  behind Xp. (See s k e t c h  11.) The e f f e c t s  of t h e   d a t a  below t h e   s l i p -  
stream appear 

b - '  
C "---% c- (1-1) 

Sketch N 
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i n   t h e   v a l u e   o f   t h e   v a r i a b l e s   o n   t h e  C-' c h a r a c t e r i s t i c .  To comple t e   t he   I t h   cha r -  
acter is t ic ,  t h e   c h a r a c t e r i s t i c   s u b r o u t i n e  i s  called u s i n g   p o i n t s  1 and 2 t o  ca lcu la te  
p o i n t  3 ,  and s o  on, u n t i l   t h e   c h a r a c t e r i s t i c  i s  completed.   Control  of  the  program 
now r e v e r t s   f r o m   t h e   s h o c k   c o a l e s c e n c e   r o u t i n e   t o   t h e  main  program. I f ,   i n s t e a d   o f  
two  embedded s h o c k s   i n t e r s e c t i n g ,   t h e  how s h o c k   i n t e r s e c t s   a n  embedded 'shock,  the 
same procedure is  fo l lowed   w i th   s imp l i f i ca t ions  made because   o f   the   cons tan t   va lues  
ahead  of   the how shock. 

6. RESULTS AND D I S C U S S I O N  

The MMOC i s  a propagat ion  method r a t h e r   t h a n  a p r e d i c t i o n  method.  Thus,  flow- 
f i e l d   i n p u t   d a t a  on a c y l i n d r i c a l   s u r f a c e  a t  approximately  one body length   f rom  the  
a x i s  must  he   supp l i ed   e i the r   f rom  expe r imen t   o r  by u s e  of  computational  methods. To 
employ t h e  MMOC i n   a n   a x i s y m m e t r i c   c a s e ,   t h e   i n i t i a l   d a t a   m u s t   i n c l u d e  x, r, 0 ,  
M ,  z,, and S/R  a t  p o i n t s   o n   t h e   c y l i n d e r  i n  t h e   p l a n e  J, = 0. I n  a d d i t i o n ,   t h e  
s t r eng th   o f   t he  bow shock  and  the  locat ion  and  s t rength  of   any embedded shocks m u s t  
be given. For asymmetric cases ,   u ,  v, w,  and S/R a r e  a l s o   r e q u i r e d .  

A t  t h e   o u t s e t   o f   t h e   c u r r e n t  work, i t  was f e l t   t h a t   t h e   f l o w - f i e l d   c o m p u t a t i o n a l  
method desc r ibed  i n  r e f e rence  25 r ep resen ted   t he   mos t   accu ra t e  means a v a i l a b l e   f o r  
p r e d i c t i n g   t h e   d a t a   r e q u i r e d  as  i n p u t   t o   t h e  MMOC. T h e r e   a l s o   e x i s t  two a l t e r n a t e  
methods  which  can  be  used t o   c a l c u l a t e   t h e   f i e l d   i n   t h e   v i c i n i t y  of  the  body,  and 
b o t h   o f   t h e s e   a r e   a l s o   a b l e   t o   h a n d l e   s h o c k   c o a l e s c e n c e   i f   t h e y   a r e   a l l o w e d   t o   c a l c u -  
l a t e   t o   t h e   f a r   f i e l d .  The f i r s t ,   r e f e r r e d   t o   a s   t h e   m o d i f i e d   u n i f o r m   a t n o s p h e r e  
method (MUAM) , i s  described i n   r e f e r e n c e  26. I n  t h i s  method,  based  on Whitham the- 
o ry ,  a uniform  atmosphere i s  assumed,  and a geometric mean c o r r e c t i o n   f o r   a m b i e n t  
p r e s s u r e  JK (where pa i s  t h e   p r e s s u r e  a t  t h e   c a l c u l a t i o n   a l t i t u d e ,  and pg i s  
t h e  ground  pressure)  is  employed.  In the   second method, deno ted   a s  ARAP, geometr ic  
a c o u s t i c s   t h e o r y  i s  u s e d ,  a n d   v a r i a b l e   d e n s i t y   i n   t h e   a t m o s p h e r e  i s  accounted  for .  
Each of t h e s e  methods r e q u i r e s  as  i n p u t  a d e s c r i p t i o n  of t h e  body a n d   t h e   f l i g h t  
c o n d i t i o n s   ( r e f .  2 7 ) .  

Since  the  axisymmetr ic   shock  coalescence i s  a new f e a t u r e  of t h e  MMOC, i t  was 
i n i t i a l l y   d e c i d e d   t o   e x e r c i s e   t h i s   v e r s i o n  of the   p rogram.   Input   da ta  were provided 
f o r   t h e  MMOC a t  d/R = 0.2 by t h e  method of   re fe rence  25  on a body of   revolu t ion  t o  
compare t h e   e x t r a p o l a t e d   r e s u l t s   o f   t h e  MMOC w i t h   r e s u l t s   p r e d i c t e d  by t h e  MIJAPI and 
ARAP programs.  These  axisymmetric resu l t s  are d i scussed  l a t e r  i n   t h i s   s e c t i o n .  

The same body of   revolu t ion  was placed a t  a small, p o s i t i v e   a n g l e   o f   a t t a c k   i n  
order   to   ob ta in   nonaxisymmetr ic   da ta ,   and   the  method  of r e fe rence  25 aga in  was 
a p p l i e d   t o   c a l c u l a t e   t h e   r e q u i r e d   q u a n t i t i e s  a t  d/R = 0.2. A t  t h i s   p o i n t ,  two d i f  - 
f i c u l t i e s   a r o s e  which u l t i m a t e l y   l e d   t o  a d e c i s i o n   t o   a b a n d o n   t h e  method of   re fe r -  
ence 25 i n   f a v o r   o f  a less expensive,  and  presumably  somewhat less accura te ,   de te rmi-  
n a t i o n  of t h e   r e q u i r e d   d a t a .   F i r s t ,   t h e  scheme of   re fe rence  25 is  used t o   c a l c u l a t e  
q u a n t i t i e s  on a cy l inde r   coax ia l   w i th   t he  body and  not   on  constant  r, as r e q u i r e d   i n  
t h e   c u r r e n t  work.  Second, the   p resence   o f   c ross -der iva t ive  terms p r o p o r t i o n a l   t o  
l/r throughout   the asymmetric vers ion   of  MMOC equat ions   g ives  rise to   numer i ca l  
d i f f i c u l t i e s   u n l e s s   t h e   i n i t i a l   s u r f a c e  i s  a t  l eas t  one body l eng th  away from t h e  
a x i s ,  a d i s t a n c e  which requires   excessive  computat ion time when t h e  method  of r e f e r -  
ence 2 5  i s  used   for   f low Mach numbers  of 3 o r  4. S i n c e   t h e  aim of t h e   c u r r e n t  numer- 
i c a l  computations w a s  o n l y   t o   d e m o n s t r a t e   t h e   r e s u l t s   o f   t h e  new a n a l y s i s ,  it w a s  
f e l t   t h a t   c o n t i n u e d   u s e   o f   t h i s  method f o r   o b t a i n i n g   i n p u t   d a t a  w a s  n o t   j u s t i f i e d .  
Rather,  it w a s  d e c i d e d   t o  make use  of the MUAM t o   d e t e r m i n e   a p p r o p r i a t e   d a t a  as i n p u t  
t o   t h e  MMOC. The MUAM w a s  modified to calculate   cross-f low  components ,   and  the 
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d e r i v a t i v e s   w i t h   r e s p e c t  t o  4 needed a s   i n p u t   t o   t h e  MMOC were  calculated  from 
t h e i r   a n a l y t i c a l   e x p r e s s i o n s   i n   t h e  MUAM program.  Accordingly,  figure 1 i n c l u d e s   t h e  
body used   and   t he   r e su l t s   ob ta ined   w i th   t he  method o f   r e f e rence  25 f o r   t h e  axisymmet- 
r ic  case .  A l l  o t h e r   r e s u l t s  were obta ined   us ing  a d i f f e r e n t  body,  and t h e  MUAM w a s  
used t o  p r o v i d e   i n i t i a l   d a t a   f o r   t h e  MMOC a t  d/R = 1 .O. 

Axisymmetric d a t a   f o r   t h e  body  of r e v o l u t i o n  shown i n   f i g u r e  1 were ob ta ined  
u s i n g   t h e  method of r e f e r e n c e  25 on a c y l i n d r i c a l   s u r f a c e  a t  d/R = 0.2.  The pres- 
s u r e   s i g n a t u r e   i n   t h e   p l a n e  4 = 0 a t   t h i s   r a d i a l   l o c a t i o n  is shown. The MMOC pro- 
gram w a s  t h e n   u s e d   t o   e x t r a p o l a t e   t h i s   f i e l d   t h r o u g h  900 body l e n g t h s   t o   t h e  ground. 
The r e s u l t i n g   p r e s s u r e   s i g n a t u r e  is  i l l u s t r a t e d  a t  the   bo t tom  of   f igure  1.  It i s  
emphasized t h a t   t h e   e v o l u t i o n   o f   t h e   s i g n a t u r e   i n   f i g u r e  1 invo lves   t he   coa le scence  
of three  shocks.  Thus,  even  though i t  represents   an   ax isymmetr ic  case, t h i s   r e s u l t  
cannot   be  obtained by u s i n g   t h e  MMOC w i t h o u t   t h e   a n a l y s i s   r e p o r t e d   i n   t h e   c u r r e n t  
paper.  N o  comparison  of t h i s  r e s u l t  wi th   p red ic t ions   o f   the  MUAM o r   t h e  ARAP pro-  
grams w a s  made, s i n c e  i t  was f o u n d   t h a t   t h e s e  methods  had d i f f i c u l t y   c o n v e r g i n g   t o  a 
s o l u t i o n   a t  0.2 body lengths  from  the  body. 

C o r r e l a t i o n s  of MUAM and ARAP r e s u l t s   w i t h   e x p e r i m e n t a l   d a t a   a r e  shown i n   f i g -  
u r e s  2 t o  4. Figure 2 shows  a  comparison made i n   r e f e r e n c e  26 f o r  a body  of  revolu- 
t i o n   a t  an  angle   of   a t tack  of  Oo and a Mach number of 2.96. Though t h e  bow shock 
amplitude i s  no t   p red ic t ed   accu ra t e ly ,   t he   expans ion   and   t a i l   p re s su res   a r e   we l l  
de f ined  by t h e  MUAM. F igure  3 s h m s  a comparison  of MUAM r e s u l t s   w i t h   e x p e r i m e n t a l  
d a t a  from re fe rence  28. 'Ihese da t a   i nc lude   ang le s   o f   a t t ack   o f  3 O  and - 3 O  a t  Mach 
numbers  of 1.41 and  2.01. The da ta   po in t s   were   r ead   w i th   p re s su re   o r i f i ce s  on  a 
r e f l e c t i o n   p l a t e ,   a n d   t h u s ,  a r e f l e c t i o n   f a c t o r  of 2 has   been  used i n  t h e  MUAM 
r e s u l t s .  'Ihe e x p e r i m e n t a l   d a t a   s h w  some s c a t t e r   i n   t h e s e   f i g u r e s ,   b u t   t h e   p r e s s u r e  
l e v e l s   a n d   t r e n d s   a r e  still r a t h e r  w e l l  p r ed ic t ed  by t h e  MUAM a t   t h e s e   d i s t a n c e s   f o r  
a l l   a n g l e s  o f   a t t ack  Shawn. No  p re s su re   da t a   were   ava i l ab le   t o   ve r i fy   p re s su res   f rom 
t h e  MUAM a t   a n   a z i m u t h a l   a n g l e   o t h e r   t h a n  4 = 0. 

A c o r r e l a t i o n  of f l i g h t - t e s t   d a t a   w i t h  ARA!? p r e d i c t i o n s  was made i n  r e f e r -  
ence 7. Figure 4 is a reproduct ion   of   one   such   cor re la t ion  made f o r  Mach numbers 
of  1.35 to 3.00 o v e r   a n   a l t i t u d e   r a n g i n g  from 35 000 f e e t   t o  70 000 f e e t .  This 
f i g u r e  shows tha t   bo th   t he   ampl i tude   and   t he   du ra t ion   o f   t he   f l i gh t - t e s t   s igna tu res  
were w e l l  p r e d i c t e d  by t h e  ARAP program. 

A s  o r i g i n a l l y   w r i t t e n ,   t h e  ARAP program w a s  a s o n i c  boom propagation  method 
which r equ i r ed   t he  Whitham F f u n c t i o n   a s   i n p u t .  I t  was l a t e r   m o d i f i e d   t o   a c c e p t   a n  
a r e a   d i s t r i b u t i o n  which w a s  t r a n s f o r m e d   t o   t h e  Whitham F funct ion.  This modifica- 
t i o n  i s  based on having a smooth  body  with no d i s c o n t i n u i t i e s  i n  s lope .  Though 
r e s t r i c t e d   t o   b o d i e s  o f   r evo lu t ion ,   t he  MUAM program i s  n o t   l i m i t e d   t o  smooth  bodies. 
A second  d i f fe rence   be tween  the  MUAM and   the  ARAP programs i s  t h a t   s i g n a l s   b e g i n   f r o m  
t h e  a x i s  i n  t h e  ARAP program  and  from  the body s u r f a c e   i n   t h e  MUAM program.  Thus, 
when d i s c o n t i n u i t i e s  are p resen t ,   nea r - f i e ld   shocks   a r e  more a c c u r a t e l y   l o c a t e d  by 
t h e  MUAM. 

Wi th   t he   expe r imen ta l   da t a   shwn   t hen ,  it i s  f e l t  t h a t   c o n f i d e n c e  c a n  be   p laced  
i n   t h e  pressure s i g n a t u r e   p r e d i c t i o n s  by t h e  MUAM i n   t h e   n e a r   f i e l d   f o r  a body  of 
r evo lu t ion   and  i n  t h e   g r o u n d   l e v e l   p r e d i c t i o n s  made by t h e  ARAT?. Because t h e r e  are 
no  experimental   data  by  which we c a n   v e r i f y   t h e   r e s u l t s   o f   t h e  MMOC, comparisons are 
made of   the MMOC r e s u l t s   a n d   t h e  MUAM and ARAP r e s u l t s .   R e s u l t s   f r o m   t h e  MUAM a t  one 
body l eng th  were u s e d   t o   p r o v i d e   i n i t i a l   d a t a   f o r   t h e  MMOC. Comparisons  of a l l  t h r e e  
methods a t  s e v e r a l   i n t e r m e d i a t e   s t e p s   o f   p r o p a g a t i o n   a r e   s h w n .  
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T h e   c o n e   o f   r e v o l u t i o n   s h a m   i n   f i g u r e  5 w a s  used  f o r  t h e  rest of t h e   r e s u l t s .  
It h a s   s l o p e   d i s c o n t i n u i t i e s  a t  t w o  l o c a t i o n s  so  t h a t  embedded shocks are formed 
immediately,   and  thus,   the   shock  coalescence  port ion of t h e  program w i l l  be   exer-  
cised. The p r e s s u r e  f ie lds  a t  one   body   l eng th   p red ic t ed   by   t he  MUAM a n d   t h e  ARAP 
€or M = 3.00, a = 0' are shown a t  the   uppe r  l e f t  of f i g u r e  6. 

The t w o  s i g n a t u r e s  a re  q u i t e   d i s s i m i l a r .  %ca l l  t h a t  i t  i s  t h e  MUAM s i g n a t u r e  
which i s  f e l t  t o  h e   v a l i d   i n   t h e   n e a r   f i e l d   a n d   w h i c h  is, the re fo re ,   u sed  t o  i n i t i a l -  
i z e   t h e  MMOC. The r e m a i n i n g   p o r t i o n s   o f   f i g u r e  6 show  comparisons  of   s ignatures  
p r e d i c t e d  by a l l  t h r e e  methods  during  propagation. Note t h a t  a t  t h i s  Mach number and 
ang le  of a t t a c k ,   t h e  MMOC and MUAM s igna tures   remain   very   near   each   o ther   th rough 
100 body l eng ths .  A t  ground level, t h e  how shock   p red ic t ions   o f   t he  MMOC a n d   t h e  
ARAP are v e r y   n e a r   e a c h   o t h e r ,   a l t h o u g h   t h e  MMOC s i g n a t u r e  i s  p r e d i c t e d   t o  be s i g n i f -  
i c a n t l y   s h o r t e r .  The pos i t i ve   and   nega t ive  areas €or t h e  MMOC s i g n a t u r e   d o   n o t  
appear b a l a n c e d   i n   t h e   g r o u n d   s i g n a t u r e   i n   f i q u r e  6. However, t h e  wave has   been  
t runca ted ,   and   cons iderable   nega t ive  area has   no t   been   i nc luded .  

Asymmetric l i f t i n g   f o r c e s  a r e  added  through  an  angle  of a t t a c k   o f  3 O  i n   f i g -  
u r e  7. Again, n o t e   t h a t   t h e  MMOC and MUAM p r e d i c t i o n s   r e m a i n   v e r y   n e a r   e a c h   o t h e r   i n  
t h e   n e a r   f i e l d   ( o u t  t o  t w o  body   l eng ths ) ,   w i th   t he  ARAP s i g n a t u r e   a g a i n   b e i n g   t o t a l l y  
d i f f e ren t .   I n   t he   f a r - f i e ld   and   g round   s igna tu res ,   however ,   t he   shock   ampl i tudes   o f  
t h e  MMOC and ARAP r e s u l t s  a r e  v e r y   n e a r l y   e q u a l ,   a n d   t h e   o v e r a l l   l e n g t h s   o f   t h e   s i g -  
n a t u r e s  are n o t   v e r y   d i f f e r e n t .  

I t  i s  noted   here   tha t   compar isons  a re  made of the   shape   and   du ra t ion  of t h e  
s igna tu re   and   no t   o f  i t s  l o c a t i o n   i n   t h e   a t m o s p h e r e  as  denoted  by t h e   s t a r t i n g  loca- 
t i o n  Xo. The t h r e e   d i f f e r e n t  methods  of   propagat ion  do  fol low  different   paths  
through  the   a tmosphere  as  determined by t h e   p o s i t i o n  of x0. By obse rv ing   t he   l oca -  
t i o n s  shown i n   f i g u r e  7, no te   t ha t   shock   coa le scence   o f   t he  embedded and bow shocks 
has  occurred  between 2 and 10 hody  lengths.  The g round   s igna tu res  shown i n   t h e s e  
r e s u l t s   a l l   i n c l u d e  a r e f l e c t i o n  factor of 1.8. 

I n   f i g u r e  8, even more asymmetries have  been  added t o  t h e   f l o w   f i e l d   b y  
i n c r e a s i n g   t h e   a n g l e   o f   a t t a c k   t o  7 O .  The same g e n e r a l   t r e n d  i s  s e e n   i n   t h e   n e a r -  
f i e l d   s i g n a . t u r e s .  The d i f f e r e n c e   i n   c o a l e s c e n c e  r a t e  o f   t h e   t h r e e  methods  can be 
observed i n   t h i s   f i g u r e .  A t  t w o  hody l e n g t h s ,   t h e  embedded shocks   have   coa le sced   i n  
t h e  MMOC and MUAM s i g n a t u r e s   b u t   n o t   i n   t h e  ARAP s igna tu re ,   and  a t  two and  one-half 
body l e n g t h s ,   a l l   s h o c k s   h a v e   c o a l e s c e d   i n   t h e  MUAM and MMOC s igna tu res .  The  ground 
s i g n a t u r e   a g a i n  shows  good co r re l a t ion   he tween   t he  bow shock level  of a l l  s i g n a t u r e s  
b u t  a t  t h i s   a n g l e  o f   a t t a c k ,   t h e  MMOC s i g n a t u r e  i s  now t h e   l o n g e s t   o f   t h e   t h r e e .  

Figures  9 and 1 0  show a similar set  of comparisons a t  a = Oo and Mach numbers 
of  3.50 and 4.00, r e s p e c t i v e l y .  A t  M = 3.50, t h e  MMOC and ARAP ground  s igna tures  
h a v e   t h e  same bow s h o c k   l e v e l ,   h u t   t h e  MMOC s i g n a t u r e  i s  somewhat s h o r t e r .  A t  
M = 4.00, t h e  MMOC and ARAP ground  s ignatures  are  p r a c t i c a l l y   i d e n t i c a l   i n   b o t h  
ampl i tude   and   l eng th .   In   bo th   f i cp res ,   t he  MUAM ground  s igna ture  predicts t h e   l o w e s t  
bow shock   and   the   longes t   s igna ture .  

The  experimental   comparisons shown ear l ier  f o r   t h e  MUAM and ARAP p r e d i c t i o n s  
i n d i c a t e   t h a t   c o n f i d e n c e   c a n  be p l a c e d   i n   t h e  MUAM n e a r - f i e l d   p r e d i c t i o n s   a n d   i n   t h e  
ground-level  ARAP predic t ions .   These   p red ic t ions  are  made based  on a d e s c r i p t i o n  of 
the   equ iva len t   body  of r e v o l u t i o n   a n d   o n   t h e   f l i g h t   c o n d i t i o n s .  The r e s u l t s  from t h e  
MMOC program, when i n i t i a l i z e d   w i t h   n e a r - f i e l d  MUAM da ta ,   approach  ARAP ground  shock 
p r e d i c t i o n s   f o r  a l l  cases shown and   have   nea r ly   t he  same s i g n a t u r e  as t h e  ARAP a t  
M = 4.00. 

42 



The f a c t   t h a t   t h e  MMOC program i s  Shawn t o   b e g i n   w i t h   v a l i d   d a t a   i n   t h e   n e a r  
f i e l d  and t o   e x t r a p o l a t e   t o   v a l i d   d a t a   ( b y   c o m p a r i s o n   w i t h   t h e  ARAP r e s u l t s )   i n   t h e  
f a r   f i e l d  makes t h i s  a power fu l   t oo l   i n   expe r imen ta l  work where   p red ic t ions  are  made 
by  the   ex t r apo la t ion   o f   nea r - f i e ld   s igna l s .  The MMOC program i s  a l s o   a b l e   t o  make 
s o n i c  boom p r e d i c t i o n s   f o r  complex  three-dimensional  bodies when t h e i r   f l o w   f i e l d s  
are provided by other  computational  methods.  

A comparison  of  the  ground  signatures when t h e  MMOC program i s  i n i t i a l i z e d  a t  
two and  one-half  body  lengths  and a t  one  body  length,  i s  shown i n   f i g u r e  1 1.  The 
s igna tu re   ex t r apo la t ed   f rom two and  one-half body l e n g t h s  i s  s h o r t e r   a n d   h a s  a lower 
bow shock   than   the   s igna ture   ex t rapola ted   f rom  one   body  length .  This d i f f e r e n c e  i s  
t o   b e   e x p e c t e d   b e c a u s e  a t  two and  one-half body l e n g t h s   i n   f i g u r e  8, t h e  MUAM s igna-  
t u r e  is  a l r e a d y   s h o r t e r   t h a n   t h e  MMOC s igna tu re   and   has  a somewhat lower bow shock. 

The e f f e c t   o f  asymmetries i n   t h e  case wi th   an   ang le   o f   a t t ack   o f  7 O  is  s e e n   i n  
f i g u r e  12 .  The i d e n t i c a l   f l o w - f i e l d   c o n d i t i o n s   w i t h   n o  asymmetric e f f e c t s   r e s u l t   i n  
a s i g n a t u r e  whose bow shock is  approximately 7 percent   h igher   and  whose l eng th  is  
3 p e r c e n t   s h o r t e r   t h a n   t h e   s i g n a t u r e   i n   w h i c h   t h e  asymmetries are  included.  

Because   one   o f   t he   p r imary   bene f i t s   i n  a program  such as  t h e  MMOC would b e   f o r  
t he   ex t r apo la t ion   o f   w ind- tunne l   da t a   t o   g round- l eve l   p red ic t ions ,   t he   e f f ec t   o f  
s l i g h t   d e v i a t i o n s   i n   t h e   d e t e r m i n e d   l o c a t i o n s   o f  embedded shocks i s  an   impor tan t  
cons ide ra t ion .  I n  f i g u r e  13 ,  t h e   l o c a t i o n s   o f   t h e  embedded shocks were per turbed  
about  1 p e r c e n t ,   a n d   t h e   p e r t u r b e d   d a t a  were e x t r a p o l a t e d   t o   t h e   g r o u n d .  The r e s u l t s  
fo r   t he   pe r tu rbed   s igna tu re   i nd ica t ed   approx ima te ly   2 -pe rcen t   dev ia t ion   i n   t he   shock  
s t r e n g t h   a n d   i n   t h e   l e n g t h   o f   t h e   s i g n a t u r e .  

Because a method based   on   l inear   theory  was used t o   p r o v i d e   t h e   i n i t i a l   d a t a   i n  
t h e s e   r e s u l t s ,  i t  w a s  p o s s i b l e   t o   c a l c u l a t e   t h e   n e c e s s a r y   c r o s s   d e r i v a t i v e s   a n a l y t i -  
c a l l y   w i t h i n   t h e  MUAM program.  In t h e   c o u r s e   o f   t h i s   s t u d y ,   h m e v e r ,   s e v e r a l  meth- 
o d s ,   i n c l u d i n g   c u r v e   f i t s   a n d   f i n i t e   d i f f e r e n c e   a p p r o x i m a t i o n s ,  were u s e d   t o  compute 
these   der iva t ives   numer ica l ly ,   and  i t  was f o u n d   t h a t   t h e  MMOC program i s  q u i t e   s e n s i -  
t i v e   t o   t h e i r   v a l u e s .   " I u s ,  when expe r imen ta l   da t a   o r   computa t iona l  r e su l t s  which  do 
n o t   i n c l u d e   a n a l y t i c a l l y   d e t e r m i n e d   d e r i v a t i v e s   o f   t h e   f l o w   q u a n t i t i e s   a r e   u s e d   t o  
p r o v i d e   i n p u t   t o   t h e  MMOC program,  extreme  care must h e   t a k e n   i n   d e t e r m i n i n g   v a l u e s  
f o r   t h e   c r o s s   d e r i v a t i v e   d a t a .  

7 .  CONCLUDING REMARKS 

A method for   ana lyz ing   shock   coa lescence   inc luding  asymmetric e f f e c t s   h a s   b e e n  
presented.  This method i s  based   on   an   ex tens ion   of   the   ax isymmetr ic   ( loca l ly  two- 
d imens iona l )   so lu t ion .  The asymmet r i c   e f f ec t s  a re  in t roduced   t h rough   an   add i t iona l  
se t  of  governing  equations,  which are  der ived  by t ak ing   t he   s econd   c i r cumfe ren t i a l  
d e r i v a t i v e   o f   t h e   s t a n d a r d   s h o c k   e q u a t i o n s   i n   t h e   p l a n e   o f  symmetry. This shock 
coa lescence  method i s  consistent  with  and  has  been  combined  with a n o n l i n e a r   s o n i c  
boom propagat ion  method developed a t  New York Univers i ty  ( N Y U ) .  The o r i g i n a l  NYIJ 
program,  based  on  the  method  of   character is t ics ,  i s  unab le   t o   so lve   shock   coa le scence  
and ceases e x t r a p o l a t i o n  when shock   i n t e r sec t ion   occu r s .  This is  o f t e n   t h e  case when 
d a t a  are ext rapola ted   f rom r ea l i s t i c  a i r c r a f t   c o n f i g u r a t i o n s .  The combined  program 
r e f e r r e d   t o  as  the   modi f ied  method o f   c h a r a c t e r i s t i c s  (MMOC) i s  capable   of   extrapo-  
l a t i n g   p r e s s u r e   s i g n a t u r e s   w h i c h   i n c l u d e  embedded shocks   f rom  the   nea r   f i e ld   ( approx-  
i m a t e l y   o n e   b o d y   l e n g t h   f r o m   t h e   a x i s )   o f   a n   a i r c r a f t   t o   g r o u n d   l e v e l .   I n i t i a l   f l o w -  
f i e l d   d a t a  are requi red   on  a c y l i n d r i c a l   s u r f a c e  a t  approximately  one body l e n g t h  
f r o m   t h e   a i r c r a f t  a x i s .  Flow v a r i a b l e s   a n d   t h e i r   c r o s s   d e r i v a t i v e s  a re  then   de f ined  
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i n   t h e   p l a n e  of  symmetry  beneath t h e   a i r c r a f t   a n d   u s e d   d u r i n g   t h e   e x t r a p o l a t i o n  pro- 
cess. The l o c a t i o n   a n d   s t r e n g t h s   o f  a l l  s h o c k s   o n   t h e   i n i t i a l   s u r f a c e  must a l s o   b e  
i n c l u d e d   i n   t h e   d a t a .  

The MMOC program i s  p o t e n t i a l l y   e x t r e m e l y   u s e f u l   € o r   p r e d i c t i n g   s o n i c  booms from 
conf igu ra t ions   where   nea r - f i e ld   da t a  are  provided   e i ther   exper imenta l ly   o r   f rom  f low-  
f ie ld   computa t iona l   methods .   Unl ike   p rev ious   ex t rapola t ion   methods ,   the  MMOC program 
a c c o u n t s   f o r   t h e   v a r i a t i o n   i n   e n t r o p y   a n d   n o n l i n e a r   e f f e c t s   p r e s e n t   n e a r   t h e   a i r c r a f t  
and i s  t h u s   a b l e   t o   b e g i n   e x t r a p o l a t i o n   n e a r e r   t o   t h e  body than   t he   p rev ious   r equ i r e -  
ment of   about   three  body  lengths .  A m a j o r   b e n e f i t   o f   t h i s   c a p a b i l i t y  i s  t h a t   s o n i c  
boom models may  now b e  b u i l t  approximately 3 f e e t   i n   l e n g t h  (a r e s t r i c t i o n  based on 
t u n n e l   s i z e )   r a t h e r   t h a n   t h e   p r e v i o u s  6 inches .  The l a r g e r   s i z e  w i l l  a l l ow a more 
detailed,  real is t ic  conf igu ra t ion   t han  was previous ly   poss ib le .  

I n c l u d e d   i n   t h e  paper a re  ex t r apo la t ed  r e s u l t s  from a body  of   revolut ion a t  a 
small, p o s i t i v e   a n g l e   o f   a t t a c k .  'Ibis conf igu ra t ion  was designed s o  t h a t  embedded 
shocks would he i n c l u d e d   i n   t h e   i n i t i a l  data  and so t h a t   t h e  MMOC so lu t ion   cou ld  be 
compared w i t h   e x i s t i n g   s o n i c  boom p r e d i c t i o n  methods.  Comparisons  of  signatures 
p red ic t ed  by t h e  MMOC wi th   t hose   p red ic t ed  by  two methods  based  on  modif ied  l inear  
theory show good  agreement i n   r e g i o n s  of p ropaga t ion   where   t he   l i nea r  methods  have 
been   exper imenta l ly   ver i f ied .  The coalescence method as  desc r ibed   con ta ins  weak 
shock/expansion  approximations t o   d e t e r m i n e   s p a t i a l   d e r i v a t i v e s   b e h i n d   t h e  wave of 
the   oppos i te   fami ly ,   which  may be needed t o   o b t a i n   t h e   c o m p l e t e   f i e l d   i n   t h e   v i c i n i t y  
of a po in t   where   shocks   i n t e r sec t .  

Langley  Research  Center 
National  Aeronautics  and Space Adminis t ra t ion 
Hampton, VA 23665 
September 26, 1983 
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